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ABSTRACT

A model for counter flow cooling tower is present with treatments to
recover the simplifications in the literature. The Bosnjakovic formula,
mutative water and air properties are used to relax the constraints. The
finite volumes of water and moist air are defined separately in opposite
flow directions. Mass and energy balances are evaluated for control
volume; heat and mass transfer are considered between control volumes.
The model is validated with experimental data from literature. The model
determines the cooling tower optimum height, evaporation rate and
distribution of air and water temperatures, humidity, water flow and
Lewis factor along the tower height. It is concluded that: the height is
affected by the inlet air humidity; the heat transfer mode is dominated by
evaporation, and Lewis factor ranges from 0.91 to 0.924.
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1 INTRODUCTION

cooling tower is heat rejection equipment. Its main function is to extract waste heat
Afrom warm water to the atmosphere. Heat rejection in cooling tower is specified as
convection between the fine droplets of water and the surrounding air, and also as
evaporation which allows a small portion of water to evaporate into moving air, the
process involves both heat and mass transfer.
Cooling towers are widely used in the power generation units, refrigeration and air
conditioning industries [1]. Cooling towers can be classified by the movement of water
and air as counter-flow and cross-flow types. Moreover, they can also be classified by
means of air flow into mechanical draft and natural draft types.
A lot of work has been done for modeling cooling towers mathematically in the past
century. Walker [22] proposed a basic theory of cooling tower operation. Merkel [15]
developed the first practical theory including the differential equations of heat and mass
transfer, which has been well received as the basis for most work on cooling tower
modeling and analysis [1-10-5-18-14].
In Merkel’ smodel, the Lew is factor is assumed as unity, this assumption may cause
Merkel’s model to underestimate the effective tower volume by 5-15% [20].The influence of
the Lewis factor diminishes when the inlet ambient air is relatively hot and humid [8]. For
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increasing Lewis factor, the heat rejection rate increases, the water outlet temperature
decreases and the water evaporation rate decreases [12].

Kroger [12] expressed the equation for the tower performance calculation using the Poppe
method, which was developed for actual unsaturated and supersaturated air before
exiting cooling towers. Furthermore, the influence of Lewis factor on the performance of
wet cooling towers was proposed [8]. The results showed that it decreased when the inlet
air was relatively hot and humid. The Lewis factor is proportional to the heat transfer rate.
Jameel [7] and Thirapong [21] assumed Lewis factor to be unity, constant specific heats of air
and water and constant heat and mass transfer coefficients.

In Merkel’s model, the water loss of evaporation is neglected in energy balance and
saturated air at the exit. These assumptions made the results inaccurate. Zubair [24]
investigated the performance characteristics through the counter-flow cooling tower, the
results showed that a majority mode of heat transfer rate is evaporation, where it was
62.5% of the total heat transfer rate at the bottom and about 90% of that at the top of the
tower. Since evaporation is by far the most effective factor in cooling towers, the accuracy
of the predicted conditions are directly dependent on it. For this purpose, it is quite
common to include the evaporation term in the model [16].

Most of the modeling results in the literature were validated with the experimental work
of Simpson [19]; Xiao [23] validated the results ‘with those of Simpson [19] for five
experimental data.

In this study, a mathematical model for the counter-flow cooling tower is introduced with
several distinctive treatments to recover the most of the simplifications in the literature.
First, the mutative water and air specific heats are used to relax the constraints. Second,
instead of considering the Lew is factor to be unity,.the formulation in Bosnjakovic [3] is
applied. Thirdly, the finite volume method is applied, where the control volumes of water
and moist air are defined separately, with opposite flow directions. Mass and energy
balances are evaluated for/each control volume, and the heat and mass transfer are
considered between each pair of the water and moist-air control volumes. The steady-state
performance of the proposed model is validated with experimental data from literature.
The mathematical model solution determines the optimum height of the cooling tower,
evaporation rate and distribution of air temperature, relative humidity, water
temperature, water flow rate and Lewis factor along the cooling tower height.

2 MATHEMATICAL MODEL

The processes of heat and mass transfer through the counter-flow cooling tower (Figure 1
A) are mathematically modeled with the finite volume method. The control volume is
shown in Figurel B, C for water and moist air where the flows are in opposite directions.
The modeling methodology is governed by the following assumptions [2-9-13]:

1. One-dimensional flow.
Steady-state and steady flow conditions.
Uniform cross-sectional area.
Heat and mass transfer are in the direction normal to the water/air flow only.
Heat and mass transfer through the tower walls to the surroundings are negligible.
Heat transfer from the forced/induced draft fan to air and water is neglected.
Water loss by drift is negligible.
The process is isobaric at standard atmospheric value.
Potential and kinetic energies are neglected.
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Figure 1:
A. Schematic Representation of Cooling Tower.
B. Model of Cooling Tower.
C. Control volume of counter flow cooling tower

2.1 GOVERNING EQUATIONS

The conservation of mass flow rates for the dry air, moisture content and water through
the control volume yields:

Ma+X Ma+ My = Ma+(X+dX) Ma+ (Mw-dmw) M
The conservation of mass flow rates for the control volume verifies that; the mass transfer
appears in decreasing the water flow rate and increasing the moisture content of the air as
a result of evaporation as in Equation (2):

dmw = mj dX ?

Also, the mass transfer flow rate from the water as a result of evaporation into the air is re-
expressed by the definition of the mass transfer coefficient and the difference in the
concentrations of the moisture content of the air as in Equation (3) [16]:

I’ha dX =hy, py ac (X -X) dV

®)
Since, the control volume is defined as: dV =AdH » Then Equation (3) is simplified to
be in the form of Equation (4):
dx h,psacA
d_H = (X sat ~ X) )

Ma
The conservation of energy rates for moist air and water through the control volume
yields:
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Mw hy, +Ma h, =ma(h, +dh,)+(mw—dmuw)(h, —dh,,) -

Neglecting the second order derivatives (d My dh w = 0) which simplify Equation (5)
to Equation (6):

Ma dha:mwdhw+hwdmw 6)
By inserting Equation (2) into Equation (6) leads to Equation (7).

ma dh, =mw dh,, +h, ma dx -

ma dh

Equation (7) contains three terms, the first term & which represents the total rate of

L . mw dh
heat transferred to the moist air, while the second term w W represents the rate of

heat transfer from the water to the air and appears as'sensible heating, on the other hand,

h,, ma dx
the third term =~ W 2 represents the rate of heat transfer from the water to the air

and appears as a humidification.

Therefore, one can say that; the rate of heat transferred from the falling water to uprising
air is transferred as a result of conyection and‘is associated with mass transfer from water
to air as in Equation (8):

ma dh, =dQ, +dQ,, ®

While, the rates of heats transfer by. convection and evaporation are re-written as in
Equation (9):

madh, =h.a. (T, -T,)dV+h, p, a. (X —X) h, dV o

Equation (9) is simplified to be:
dh, h.a A hy paac Ahy,
dH (T -T ) . (XSBI - X) (10)
m a Ma
— he

Using both Lewis factor €= hm Pa Cpa and the cooling tower characteristics
Ka=hg,p,a
dx KaA

d_H: ( sat X) (11)

€, then Equations (4) and (10) are re-written as follows:

ma
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dh, KaA

[LeCpa (Tw _Ta)+(xsat _X) hv]

dH (12)
Ma
Equation (7) is re-written as follows:
dT, =— "% (dh, —h,,dx)
mw C,, (13)

The set of Equations (2), (11), (12) and (13) govern the processes of heat and mass transfer
through the counter-flow cooling tower.

2.2 Lewis Factor and Cooling Tower Characteristics
The governing Equations (11) and (12) contain both Lewis factor and the cooling tower
characteristics.

2.2.1 Lewis Factor

Lewis factor is an indication of the relative rates of heat'and mass transfer in an
evaporative process. Bosnjakovic [3] developed an empirical relation for the Lewis factor
for unsaturated air-water vapor systems as in Equation (14).

Le — 0.865%667 [(Xg +0.622)/(x+0.622)] -1
' In[(X  +0.622)/(x +0.622))]

(14)

2.2.2 Cooling Tower Characteristics
The cooling tower characteristic, a “degree of difficulty” to cooling is represented by the
Merkel Equation [4]as in Equation(14):

KaV H‘j” dT,,

. \
m,  CWT h'a—h,
(15)
The Merkel Equation primarily says that at any point in the tower, heat and water vapor
are transferred into the air due to (approximately) the difference in the enthalpy of the air
at the surface of the water and the main stream of the air. Thus, the driving force at any
point is the vertical distance between the two operating lines. Therefore, the performance
demanded from the cooling tower is the inverse of this difference.

2.3 Psychometrics and Thermo physical Properties

The cooling tower is an air breathing thermodynamic system, where its performance is
affected by the conditions of the ambient air. Mathematical modeling of cooling tower has
to consider the psychometrics of air, for both the dry air and its associated water vapor;
the main properties such as pressures; temperatures, and enthalpies have to be well
defined also the relative humidity and moisture content.
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The saturation pressure (Pa) of water vapor in the dry air at the given temperature is a
function only of temperature (K) and can be calculated from Equation (16) [6]:

In(P,) = 'f:c:iT‘-l +Cgln(T)

i=0 (16)
For the temperature range of 173.16 < T< 273.15K

Co C G G

-5.6745359x103 | 6.3925247 -9.6778430x103 | 6.2215701x107

Cy Cs Cs

2.0747825x10° | -9.4840240x10-% | 4.1630159

For the temperature range of 273.16 <T <473.15K
(@ G G G
-5.8002206x10% | 1.3914993 | -4.8640239x10-2 | 4.1764768x10-°
C4 CS C6
-1.4452093x10¢ | 0 6.5459673

Relative humidity (%) is the ratio of the moist ait’s absolute humidity to the absolute
humidity of saturated air at the same temperature and it is formulated as in Equation (17).

P
® =100 -~

s 17)
The moisture content of a given moist air'sample:is defined as the ratio of the mass of
water vapor to the mass of dry air contained in the’sample as in Equation (18).

X =0.62198 PPV

v (18)
For lower pressures, the specific’enthalpy of water vapor (J/kg) is approximately linear
function of temperature (°C) as in Equation (19) [17]:

h, = 2501300 +Cp, T
(19)
The specific heat of water vapor(J/kg.K) is a function of temperature as follows [11].

Cp, =1.3605x10° +2.31334 T —2.46784x10™° T° +5.91332x10 3 T°

The specific enthalpy of moist air (J/kg) is approximately linear function of temperature
(°C) as in Equation (20) [17]:
h, =Cp, T+xh,

(20)
The specific heat of dry air(J/kg.K) is a function of temperature as follows [11].

Cp, =1.045356 x10°-3.161783 x10™ T +7.083814x1 0™ T - 2.705200x1 07 T*

Also, the specific heat of water (J/kg.K) is a function of temperature as follows [11].

C,, =8.15599x 10° —2.80627x10 T +5.11283x10 2 T? —2.17582x10 3 T°
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2.3 Numerical Formulation

The mathematical model is numerically formulated based on the explicit scheme. Where
the cooling tower is divided into equal numbers of control volumes (Nmax), the first control
volume (I=1) represents the lower boundary conditions at the air entrance level; the last
control (I=nmax) represents the upper boundary conditions at the air exit level. Therefore,
Equations (2), (11), (12) and (13) are respectively numerically formulated as follows:

X)), =X)11 + w[xsat )|-1 - X)I-l]
Ma (21)
ha)i=ha)is KaA A [Le)l—l Cpa)is [Tw )i _Ta)|-1]+ [Xsat )i~ X)I—l]hv)l—l] 2)

Tw)l =TW)|71 + L{[ha)l B ha)lfl]_ hw)lfl[x)l B X)I—l]}

Mw j C w
1-1
(23)

mwjl =rhwl_1 +ma[x), -x),] 1)

Equations (21), (22), (23) and (24) are applied for the control volumes where (I) varies from
(2) to (Nmax-1).

The solution procedure is based on the problem statement, where for the known design
and operating conditions as illustrated in Table (1) are well known, while the solution is
prepared and proceeds to determine the optimum height of the cooling tower, evaporation
rate and distribution of air temperature, relative humidity, water temperature, water flow
rate and Lewis factor along the cooling tower height. Therefore, the flow chart of the
solution procedure is shown in Figure 2, and a computer program is constructed in
VISUAL FORTRAN environment.

Table 1: Illustration of Design and Operating Conditions

Design Conditions Operating Conditions

A Ka . T 0,

ai T, . T
Ma

wi we
Muwi
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Figure2: Flow Chart of the Solution Procedure
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3 MODEL SOLUTION

The steady-state performance of the proposed mathematical model is validated with the
experimental data from [19], with four cases shown in Table (2).

Table 2: Design and Operating Conditions [19]

A 1.057 m?
Ka 3.025 kg/m?3.s
Parameter Exp. 1 Exp. 2 Exp.3 Exp. 4 Units
: 1.187 1.187 1.265 1.250 kg/s
Ma
T, 29.0 30.5 35.0 35.0 °C
0, 49.7 43.4 52.6 26.67 %
1
. 1.259 1.259 1.008 1.008 kg/s
Muwi
T, 28.72 34.5 38:78 38.78 °C
T.. 24.22 26.22 29.33 29.23 °C
Cooling Load | 23.66 43.57 39.8 40.23 kW

For the data in Table (2), the mathematical model solution determines the optimum height of
the cooling tower, evaporation rate and distribution of air/temperature, relative humidity, water
temperature, water flow rate and Lewis factor along the cooling tower height.

Firstly it has to note that, the experimental work [19] was based on cooling tower height of
115 cm. The variations in operating conditions as in Table (2) results variable exit air
conditions as listed in Table (3).

Table 3: Exit Air Conditions for Different Experiments

Exp.1 | Exp.2 | Exp.3 | Exp.4
Temperature (°C) 26.67 30.27 33.27 33.27
Relative Humidity (%) | 96.2 97.94 974 974

The present mathematical model determines the optimum cooling tower height to satisfy
the cooling requirements as the flow rate of water, both inlet and exit temperatures as in
Table (2) for the same inlet air conditions also as in Table (2).Where the height of the
control volume is increased by 1 mm.

Figure (3) illustrates the obtained cooling tower height corresponding to each operating
conditions for each experiment. The operating conditions for experiment (Exp. 1) requires
cooling tower of height of 68.6 cm, 65.6 cm for (Exp. 2), 60.2 cm for (Exp. 3) and 28.1 for
(Exp. 4).

Regarding to the variations in the operating conditions, it is concluded that; the cooling
load itself does not affect primarily the cooling tower height. For (Exp. 1) where the
minimum cooling load occurred, the obtained height is the maximum one over the rest of
experiments. While for the (Exp. 2), (Exp. 3) and (Exp. 4) where the cooling loads are in
order of magnitude, it is found that, the height varies in unscheduled manner.
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One can deduce that, the parameter that mainly affects the cooling tower height is the
relative humidity of the inlet air. It is illustrated from the operating conditions that for the
first three experiments; the inlet air relative humidity are close, but the case is different for
(Exp. 4), where the inlet air relative humidity is 26.67 % which is much lower than the
corresponding values for the first three experiments and the corresponding obtained
height is the much lower and it is 28.1 cm.

Therefore, the present results recommend designers to have much more attention about
the sensitivity of the cooling tower height to the inlet air relative humidity.

Figure (4) illustrates the distribution of the dry bulb temperature of air along the cooling
tower height for the four experiments. The distribution profile shows that, the temperature
is decreased to certain height of the cooling tower followed by an increase till the exit of
the cooling tower. The obtained profile for the temperature distribution along the height of
cooling tower is identical to that found in the literature [21] as in Figure (5).

Figure (6) illustrates the distribution of the water temperature along the cooling tower
height for the four experiments. The distribution profile shows that, the temperature is
decreased from the inlet to exit follows the counter flow schedules. It is noted that, the
present model obeys the operating conditions such as the inlet and exit water
temperatures.

Figure (7) combines both Figure (4) and Figure(6) together, for each experiment, both the
air and water temperature profiles intersect at a point somewhere through the cooling
tower height. This intersection causes the profile of air temperature as in Figure (4). Before
this intersection point, the water temperature is less than the air temperature, which
causes transfer of heat from air to.water. | While ‘after this intersection point, the water
temperature is higher than the air temperature, which causes transfer of heat from water
to air. Then, one can say that, the convection heat transfer may occur in both opposite and
normal directions.

But as the convection heat varies in the transfer direction, the evaporation heat transfer
which is indicated in terms of relative-humidity of air recovers the convection effect when
the transfer is in the opposite direction. This is illustrated in Figure (8), which illustrates
the increase in the air relative humidity of air along over the cooling tower height.

Then, it is concluded that the heat transfer mode in the cooling tower is dominated by the
evaporation heat transfer.

Figure (9) illustrates the distribution of water flow rate along the cooling tower height, as
illustrated the water flow rate is decreased from its inlet at the top of the cooling tower to
the exit from the bottom of the cooling tower. This decrease occurs as a result of
continuous evaporation from the water to the air. The total rate of evaporated water to the
air is shown in Figure (10) for the four experiments.

As mentioned in the literature, one of the modeling enhancements is to consider the
variation in Lewis number which shown in Figure (11) along the cooling tower height for
the four experiments. But it is also noted that, the one dimensional consideration of Lewis
number and for the operating conditions, one can deduce that, the Lewis number is in the
range of 0.91 to 0.924.
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4 CONCLUSIONS

The present mathematical model for the counter-flow cooling tower is validated with

experimental data and it is concluded that:

1. The cooling load does not affect primarily the cooling tower height.

2. The cooling tower height is mainly affected by the relative humidity of the inlet air.

3. The heat transfer mode in the cooling tower is dominated by the evaporation heat
transfer.

4. Lewis factor is in the range from 0.91 to 0.924.
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