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a b s t r a c t

A generalized self-consistent approach, recently proposed by Jiang and Weng (2004) [B.
Jiang, G.J. Weng, A generalized self-consistent polycrystal model for the yield strength of
Nanocrystalline materials, Journal of the Mechanics and Physics of Solids 52 (2004a)
1125–1149; B. Jiang, G.J. Weng, A theory of compressive yield strength of nano-grained
ceramics, International Journal of Plasticity 20 (2004b) 2007-2056.] for investigating the
so-called ‘‘breakdown” of the Hall–Petch law in the case of nanocrystalline (NC) materials,
is revisited and reformulated following an incremental small strain scheme. The NC mate-
rial is modelled as a composite material that takes each oriented grain and its immediate
grain boundary to form a pair, which in turn is embedded in the infinite effective medium
with a property representing the average orientation of all these pairs. The plastic deforma-
tion of the inclusion phase takes into account the dislocation glide mechanism whereas
boundary phase is modelled as an amorphous material. As an application, the model’s
parameters are identified under an optimization code with respect to data stated from pure
copper submitted to tensile load. The aggregate is composed of spherical randomly distrib-
uted grains with a grain-size distribution following a log-normal statistical function.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

As an enormous industry, powder metallurgy deals currently with the production of sophisticated metal that exhibit ex-
tremely attractive and useful properties of high density, hardness, fracture toughness, surface activity, dispersibility, safety
and endurance to heat. Such properties can be exploited for a variety of structural and non-structural applications. Require-
ment for ultra fine microstructures produced by powder metallurgy persists to grow for new applications such as Catalysts
and Hydrogen Storage, Conducting Paste, and Solid Rocket Fuel. These applications are identified and developed with respect
to many advantages such as increased surface area, increased electrical conductivity, enhanced magnetic properties, size
dependant absorption properties and faster sintering kinetics.

Bulk ultra fine-grained metals are those having grains diameter of submicron order, but generally greater than 100 nm.
They have exceptional mechanical properties like high strength with, in many cases, reasonable ductility and a great ability
to save production costs. They are often produced by one of two well-know methods such as, severe plastic deformation
(SPD) of conventional grain-size materials, and powder metallurgy-based methods (PM) [1–4]. In the mid-1980s, Gleiter
[5] made the visionary argument that metals and alloys, if made NC, (average grain size <100 nm) would have a number
. All rights reserved.
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of appealing mechanical characteristics of potential significance for structural applications. They are thus of considerable
interest from both scientific and technological viewpoints [6–9].

The properties of NC metals have been a major focus for computational materials science in recent years, particularly
the behaviour of the grain boundaries (GBs) with their underlying structure which are known to play an important role,
and often associated with the atomic level mechanisms of plastic deformation, as analyzed through experiments [10–13],
atomistic simulations [14–18] and theoretical models [19–24]. Many researchers have treated NC materials as composite
materials with a grain interior phase and inter-grain phase (sometimes including grain boundary, triple line, and quadru-
ple node), and have adopted different models for the phases, after evaluating their respective volume fractions, to describe
the overall mechanical behaviour. These methods include the rule of mixture-based models [25–28], the generalized self-
consistent models which incorporated the plastic anisotropy of the grains, their orientations, and the stress heterogeneity
of the grains and the grain-boundary phase [22,23], the homogenization method [29] to describe the grain size and strain
rate effect on the stress–strain relations, the aggregate deformation gradient model [30] and finite element (FE) methods
[31–34].

One can note that the difficulty in predicting grain-size effects arises from the differences in physical processes occurring
within the grain-boundary region and grain interiors [33–35]. More precisely, additional intergranular accommodation
mechanisms such as grain-boundary slip, cavitation, and microcracking, must be operative. Experimental evidence of such
mechanisms may be found in Ref. [36]. In a recent paper, Wei and Anand [33] formulated a rate-independent constitutive
model of a cohesive interface that accounts for reversible elastic and irreversible inelastic slip – separation deformations
at a grain boundary prior to failure. Further, atomistic simulations also show void formation and decohesion leading to inter-
granular fracture in NC materials [37,38].

A first micro–macro modelling considering grain-size effect has been elaborated by Weng [39] who considered a Hall–
Petch type equation with a single valued grain size at the scale of the slip systems and used the Berveiller–Zaoui’s model
[40] to derive the overall behaviour of copper polycrystals which lead to a Hall–Petch type behaviour as well. More recently,
non-local dislocation mechanics models using the concept of geometrically necessary dislocations (GNDs) have been devel-
oped by Acharya and Beaudoin [41] and predict well the strain-hardening rate dependence on grain size after the yield point
making use of the evolution of GNDs (or equivalently the lattice incompatibility). Contrarily to recent works [42–45], in these
developments only the mean grain size is considered, and most of the advanced homogenization techniques developed these
last decades such as the self-consistent procedure did not focused on the effect of grain-size distribution and did not account
for statistical description which are stochastic internal parameters of the heterogeneous microstructure. Since the grain size
distribution provides heterogeneity, it appears fundamental to get an accurate description of the effect of grain size on the
local interactions and behaviours, and also, a relevant mathematical description of the grain-size statistics inherent to the
processing route. Taking advantage of recent works [43–45], the objective of the present paper is to investigate grain-size
effects on the mechanical behaviours of heterogeneous NC materials assuming a given grain-size distribution with respect
to the role of the grain-size dispersion.
2. Model formulation

Even if recent molecular dynamics simulations (MD) of NC materials have motivated the particular micro-geometry
including two distinct regions of the material (i.e., the interconnected grain-boundary phase and the isolated grains of var-
ious orientations), a number of existing models treat the composite as a two-phase material with a perfect interface
[22,23,29,42,46]. Because this is a strong idealization and sometimes not consistent with experimental observations, Jiang
and Weng [22,23] have derived a generalized self-consistent model which offers some capabilities such as plastic anisotropy
of the grains, their orientations, and the stress heterogeneity of the grains and grain-boundary phase. The interested reader
can find more details and arguments in the reference paper [22,23] that have inspired this research work and from which an
incremental small strain formulation of the generalized self-consistent polycrystalline model is stated.

2.1. Constitutive equations of the grain phase

The overall small strain elastoplastic response of the NC polycrystal will be calculated by the approach of a linear com-
parison composite [22,23,47–52]. Thus, the linear auxiliary problem is one that involves the superposition of Christensen
and Lo’s [53] two-phase generalized self-consistent scheme and Luo and Weng’s [54] three-phase concentrated eigenstrain
problem. Such a superposition is schematically shown in Fig. 1 and taken back from [22,23]. Both solutions were given for
elastically isotropic constituents, and thus for simplicity the crystallites will also be taken to be elastically isotropic while
retaining its plastic anisotropy. From the local stress field of their solutions, one can take the volume average to find the
mean stresses of the grain of a given orientation, and grain-boundary phase.

Under both small strain assumption and initially stress free at macroscopic level, the applied stress rate _R and strain rate
_E are linearly related through the macroscopic tangent elastoplastic stiffness Lc
_Rij ¼ Lc
ijkl

_Ekl: ð1Þ
In accordance with the slip model of crystal plasticity, the mean plastic strain rate of the grain is given by



Fig. 1. Superposition of two linear problems.
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_�epðgÞ
ij ¼

XN

s¼1

1
2

nðsÞi bðsÞj þ nðsÞj bðsÞi

� �
_cðsÞ ¼

XN

s¼1

pðsÞij
_cðsÞ; ð2Þ
where bðsÞi is a unit vector in the slip direction of the sth slip system on the slip plane with unit normal nðsÞi ; _cðsÞ is the corre-
sponding slip rate, and the definition of pðsÞij is clear from the context. The rate of change of resistance to slip is governed by
the microscopic hardening rule
_sðsÞ ¼
XN

s0¼1

hðss0Þ _cðs0Þ; ð3Þ
where s and s0 run over all the slip systems, h(ss0) is the hardening matrix and _sðsÞ is the rate of change of the resolved shear
stress sðsÞ ¼ pðsÞij

�rðgÞij (no sum on s); _cðsÞ is nonzero if Eq. (3) is satisfied and pðsÞij
�rðgÞij ¼ sðsÞy , where sðsÞy is the current yield stress in

shear for the sth slip system.
With analyzing experimental Hall–Petch data of many of materials, the description of three regions is widely adopted: (1)

a region from single crystal to a micrometer grain size where the classical Hall–Petch description can be successfully used;
(2) a region for grain sizes ranging from 1lm to 30 nm where the Hall–Petch relation roughly holds, but deviates from the
classical power �0.5 to the value near to zero; (3) a region beyond a very small critical grain size where the Hall–Petch slope
is nearly zero with no increase in strength with grain size decreasing. On the basis of the dislocation pile-up mechanism for
the plastic deformation of coarse-grained materials, the empirical Hall–Petch relation which suggests that the yield stress
increases with the decreasing of the grain size has been stated as [55,56]
sðsÞy ¼ sðsÞ1 þ
kffiffiffi
d
p ; ð4Þ
where sðsÞ1 is the friction stress (identical for the whole grains) and k is the slope of the grain-size dependent relationship. In
the present formulation, both materials parameters are assumed strain independent. The components of the hardening ma-
trix is chosen as
hij ¼ hc þ
affiffiffi
d
p

� �
qþ ð1� qÞdij
� �

; ð5Þ
where dij is Kronecker’s delta and the subscript 1 signifies the value of a grain with an infinite grain size (i.e. free crystal),
and k and a are material constants. The factor q determines the degree of latent hardening, e.g. q = 0 provides only self hard-
ening, q = 1 provides Taylor’s hardening and q > 1provides stronger latent hardening than self hardening.

It is also assumed that the instantaneous hardening coefficient hc depends on the previous deformation history. In the
present model, the relation between the accumulated slip in the grain, cacc, and the instantaneous hardening coefficient is
described by an exponentially decreasing function [57]:
hc ¼ hfinal 1þ ðhratio � 1Þe�hexpcacc� �
; ð6Þ
where hfinal is the final hardening coefficient, hratio is the ratio between the initial and the final hardening coefficient, and hexp

is a parameter determining the strength of the exponential part. This formulation of the hardening law includes the simple
linear hardening, that is obtained by choosing hratio = 1.

The stress rate in the grain, which is assumed initially stress free, (crystal) is given in terms of the crystal elasticity tensor
C(g) and elastic strain rate
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_�rðgÞij ¼ CðgÞijkl
_�eðgÞkl �

X
s

pðsÞkl
_cðsÞ

 !
; ð7Þ
where _�rðgÞij are the components of the Cauchy stress rate tensor and _�eðgÞkl are the components of the total strain rate of the
grain.

In what follows, any fourth order tensor Zijkl (respectively �a; �b) is deduced from Christensen and Lo’s [53] elastic solution
whereas ~zijkl (Respectively ~a; ~b) is deduced from Luo and Weng’s [54] three-phase concentrated eigenstrain problem solution.
Following previous work [23,24], one can note that the total granular strain rate _�eðgÞij can be cast as follows
_�eðgÞij ¼ MðgÞ
ijkl

_Rkl þ ~‘
ðgÞ
ijkl

_epðgÞ
kl ; ð8Þ
where the first term correspond to Christensen and Lo’s [53] elastic solution whereas the second correspond to the Luo and
Weng’s [54] three-phase concentrated eigenstrain problem solution. The local tensors MðgÞ

ijkl;
~‘
ðgÞ
ijkl are as follows
MðgÞ
ijkl ¼

�bg

2lg
dijkl þ 1

3
�ag

3jg
� �bg

2jg

� �
dijdkl

~‘
ðgÞ
ijkl ¼ ~bgdijkl þ 1

3 ð~ag � ~bgÞdijdkl

						 ð9Þ
and the parameters �ag ; �bg ; ~ag ; ~bg have been previously stated by (Jiang and Weng [22,23]) and reported in the Appendix with
respect to tangent elastic modulus instead of secant one.

Projecting both sides of Eq. (7) on the Schmid tensor and using Eqs. (2), (3) and (8) the following relation is derived
[40,58,59]
X

s0
hðss0Þ � pðsÞij CðgÞijkl

~‘
ðgÞ
klpq � dklpq

� �
pðs

0 Þ
pq

n o
_cðs0Þ ¼ pðsÞij CðgÞijklM

ðgÞ
klpq

_Rpq: ð10Þ
If for given set of S active systems, it is possible to invert the S x S matrix X defined as
Xss0 ¼ hðss0 Þ � pðsÞij CðgÞijkl
~‘
ðgÞ
klpq � dklpq

� �
pðs

0 Þ
pq ð11Þ
then the following relation holds
_cðsÞ ¼ Q ðsÞpq
_Rpq; ð12Þ
where second rank tensor Q ðsÞpq associated with each active system s is comparable to the one given by [40,58,59]
Q ðsÞpq ¼
X

s0
ðXss0 Þ�1pðs

0 Þ
ij CðgÞijklM

ðgÞ
klpq: ð13Þ
With the aid of Eq. (12) and under the simultaneous influence of an external stress and eigenstrain, the total mean stresses in
the grain of a given orientation are the sum of the two,
_�rðgÞij ¼ BðgÞijkl þ ~bðgÞijkl

� �
_Rkl; ð14Þ
where the stress concentration tensors are specialized as
BðgÞijkl ¼
�ag��bgð Þ

3 dijdkl þ �bgdijkl

~bðgÞijkl ¼ n 2lg
~bg � 1
� �

dijkl þ jg ~ag � 1
� �

� 2lg
~bg�1ð Þ
3


 �
dijdkl

� 

n ¼

PN
s¼1

pðsÞpq Q ðsÞpq :

												
ð15Þ
For a given orientation, the microscopic and macroscopic strain rate can be related through the localization tensor AðgbÞ
ijkl
_eðgÞij ¼ MðgÞ
ijrs þ ~mðgÞijrs

n o
Lc

rskl
_Ekl ¼ AðgÞijkl

_Ekl; ð16Þ
where ~mðgÞijkl ¼ n ~bgdijkl þ 1
3

~ag � ~bg

� �
dijdkl

n o
.

2.2. Constitutive equations of the grain-boundary phase

To describe such a plastic behaviour for the amorphous, initially stress free, grain-boundary phase by a continuum model,
we invoke Drucker’s [60] constitutive equation, which has also proven suitable for the modeling of metallic glasses [61].
Drucker’s equation not marked here by the pressure dependence of the yield stress; can be written as [22,23]
rðgbÞ
e ¼ rðgbÞ

Y þ hðgbÞðepðgbÞ
e Þngb ; ð17Þ



S. Ramtani et al. / International Journal of Engineering Science 47 (2009) 537–553 541
where rðgbÞ
e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2 SðgbÞ

ij SðgbÞ
ij

� �r
is the Von Mises equivalent stress, SðgbÞ

ij ¼ �rðgbÞ
ij �

�rðgbÞ
kk
3 dij is the stress deviator tensor, rðgbÞ

Y is the

Von Mises yield stress, h(gb) is the strength coefficient, ngb is the work-hardening exponent and epðgbÞ
e ¼

R ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

_�ep0ðgbÞ
ij

_�ep0ðgbÞ
ij

q
dt is

the effective plastic strain.
For the application of the linear comparison composite with a tangent-modulus formulation, the tangent Youngs modu-

lus, the tangent Poisson ratio, the tangent bulk and the shear modulus are re-written as [22,23]
Et
ðgbÞ ¼ 1

EðgbÞ
þ depðgbÞ

e

drðgbÞ
e

� ��1

; mt
ðgbÞ ¼ 1

2� 1
2� mðgbÞ
� � Et

ðgbÞ
EðgbÞ

jt
ðgbÞ ¼

Et
ðgbÞ

3ð1�2mt
ðgbÞÞ

� �
; lt

ðgbÞ ¼
Et
ðgbÞ

2 1þmt
ðgbÞ

� �0@ 1A:

											
ð18Þ
With the aid of Eq. (12) and under the simultaneous influence of an external stress and eigenstrain, the total mean stresses in
the surrounding grain boundary are the sum of the two
_�rðgbÞ
ij ¼ ðBðgbÞ

ijkl þ ~bðgbÞ
ijkl Þ _Rkl; ð19Þ
where the stress concentration tensors are specialized as
BðgbÞ
ijkl ¼ �bgbdijkl þ

ð�agb��bgbÞ
3 dijdkl

~bðgbÞ
ijkl ¼ n 2lt

gb
~bgbdijkl þ jt

gb
~agb �

2lt
gb

~bgb

3


 �
dijdkl

� 

:

							 ð20Þ
For a given orientation, the microscopic and macroscopic strain rate can be related through the localization tensor AðgbÞ
ijkl
_�eðgbÞ
ij ¼ MðgbÞ

ijrs þ ~mðgbÞ
ijrs

n o
Lc

rskl
_Ekl ¼ AðgbÞ

ijkl
_Ekl ð21Þ

MðgbÞ
ijkl ¼

�bgb

2lt
gb

dijkl þ 1
3

�agb

3jt
gb
�

�bgb

2jt
gb

� �
dijdkl

~mðgbÞ
ijkl ¼ n ~bgbdijkl þ 1

3
~agb � ~bgb

� �
dijdkl

n o
:

							 ð22Þ
On the topological point of view, the RVE is composed of spherical grains and we also assume that grain size is spatially non-
correlated, which means that the spatial position of grains of a given diameter is truly random. Hence, in terms of the grain

size (diameter) d and grain-boundary thickness d, the volume fraction of the grains can be approximated by cg ¼ d
dþd

� �3
.

The overall strains of the Nanocrystalline material under a given level of external stress then follow from the orientational
average over all grain orientations and their respective grain boundaries. Then, local and macroscopic magnitudes are linked
through the following micro–macro relations
cg
_�eðgÞij ðu1;/;u2Þ
D E

þ ð1� cgÞ _�eðgbÞ
ij ðu1;/;u2Þ

D E
¼ _Eij ð23Þ

cg
_�rðgÞij ðu1;/;u2Þ

D E
þ ð1� cgÞ _�rðgbÞ

ij ðu1;/;u2Þ
D E

¼ _Rij; ð24Þ
where h�i denotes the volume average, (u1,/,u2) represent the Euler angles of the rotation (or orientation) of a grain with
respect to a base lattice (say a cubic lattice) that are aligned along the external loading coordinates, as indicated in the ref-
erence paper [22,23].

2.3. Grain-size distribution function

Despite the fact that the grain-size distribution in heterogeneous materials provides heterogeneity that can be character-
ized by methods such as transmission electron microscopy (TEM) and X-ray diffraction, most of the published works con-
siders the mean grain size as the adequate parameters to describe the structure of the sample material. Therefore, it
appears fundamental to get an accurate description of the effect of grain size on the local interactions and behaviours,
and also, a relevant mathematical description of the grain-size statistics inherent to the processing route [43–45,62].

The dispersion of the grain size is presented by the lognormal distribution function [43–45]
pðDÞ ¼ 1ffiffiffiffiffiffi
2p
p

D � S
exp �1

2
lnðDÞ �M

S

� �2
" #

; ð25Þ
where
R1

0 pðDÞdD ¼ 1, D is the diameter of the grain, M and S are constant parameters describing the mean grain size and
standard deviation of the lognormal distribution. When considering mechanical behaviour, the volume fraction of individual
grain-size classes is of primary importance. Using the frequency distribution, i.e. here the log-normal distribution, p(D), vol-
ume fraction of grains with size D, pv(D), can be written as [45,63]:
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pvðDÞ ¼
kD3

V
pðDÞ; ð26Þ
where the total volume of the sample is V ¼
R1

0 kD3pðDÞdD, k is a constant describing the shape of the grains (e.g., k ¼ 4
3 p 1

23

for a sphere).
The procedure to generate different discrete log-normal distributions with given means and dispersions follows proce-

dure adopted by previous works [43–45]. For example, Fig. 2 displays the plot of statistical volume weighted distributions
for various relative dispersions assuming a mean grain diameter of 110 nm.

3. Application to NC copper

3.1. Grain-size distribution function

As in the original work of Jiang and Weng [22,23] tensile data of Sanders et al. [2,64] have been considered for comparison
with the revisited theory to evaluate the stress–strain relation and yield strength of copper during the micro-to-nano grain
transition. The tensile tests covered four mean grain sizes but here only three of them are used here: 20 lm, 110 nm and
49 nm; and the corresponding stress–strain curves have been reported in Fig. 3 and compared to the current model predic-
tion with respect to the set of parameters given in the Table 1. These parameters have been identified via an optimization
code (SiDoLo) that is based on an inverse analysis approach, and which consists of minimizing the function representing the
difference between the experimental data and the data obtained by integrating the model [65,66]. In our calculations, the
total number of grains (or grain orientations) was 400, generated through random rotations of the Euler angles (u1,/,u2).
Following the suggestion of Chokshi et al. [67] for copper and the previous contribution of Jiang and Weng [22,23], the
grain-boundary thickness was taken to be d = 1 nm. Atomic simulations have indicated that the grain boundary thickness
has little correlation with the grain size [68] (Table 2).

In order to uncover the transition of yield strength in light of the Hall–Petch relation, the yield stresses at 0.2% plastic
strain are plotted in Fig. 4 as a function of (Dmean)�1/2. The ‘‘relative” dispersion DD/D which differs from 0 takes the respec-
tive values 1, 2, 4 and 6 and all the curves appear to be quite linear (Fig. 4). Our results, like those presented by Berbenni et al
[43,44], display a unique effect of the grain-size dispersion which becomes more significant at finest mean grain sizes in
nano range (here 49 nm). One can note that this effect, i.e., the ‘‘relative” dispersion, had also been found by Kurzydlowski
[69] which presented its results in terms of Standard deviations using however crude assumptions like Uniform plastic strain
or plastic strain within a grain proportional to its volume, and, computing the flow stress using a simple averaging rule of
mixture on the distributed grains volume.

3.2. Local plastic strain fields

The present micromechanical model has the capability to record the evolutions of plastic strain and internal stresses
within grains (g) and grain-boundaries (gb) which are non-uniform when grains have different sizes. In what follows: (1)
for all figures, results for the grains are reported on left parts and the ones for the grain-boundary are reported on right parts,
(2) both plastic strain and local stress distributions are shown for the two phases, and investigated for slight relative disper-
sion DD/D = 1 and broad relative dispersion DD/D = 6 around the mean grain sizes of 20 lm, 110 nm and 49 nm.
Fig. 2. Volume weighted grain-size distribution calculated with the mean grain size of 110 nm and various relative dispersions.



Fig. 3. Calculated and experimental stress–strain relations of nanocrystalline copper during the coarse to nano-grain transition.
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Evolutions of local plastic strains (component �epðgÞ
33 and �epðgbÞ

33 in the axial loading direction 3) are reported on Figs. 5–10 at
three stages of macroscopic plastic strains Ep

33: 0.2%, 1% and 2%. Regarding coarsest grains with Dmean= 20 lm (Figs. 5 and 6),
local plastic strains are homogeneous, higher in the grains (Figs. 5 and 6a) than in the grain-boundaries (Figs. 5 and 6b). As
expected, one can note that the relative dispersion do not disturb the local plastic strains distribution.

Regarding now the intermediate mean grain size Dmean = 110 nm, it is found that for DD/D = 1 (Fig. 7a,b), local plastic
strains are relatively homogeneous and lower in the grain-boundary with respect to those presented in the coarsest mean
grain size. For broader dispersions like DD/D = 6 (Fig. 8a,b) all grains become gradually plastic whereas, a proportion of
grains and their grain-boundary remain elastic and never reach their own plastic flow stress.
Table 1
Model’s parameters for the two phases

Phase E (MPa) m s1 k0 a0 ngb rY hgb

Grain 65,900 0.35 105 468 �23.13
GB 65,800 0.35 0.4 137 10000

Table 2
Hardening parameters for the grain phase

Phase hexp hratio hfinal q

Grain 150 11 103 1.01

Fig. 4. Predicted yield stress at 0.2% plastic strain as a function of mean grain size for different ‘‘relative” dispersions DD/D (D being the mean grain
diameter) ranging from 0 to 6.



Fig. 5. Local plastic strain distribution vs. grain-size distribution at mean grain size Dmean = 20 lm and relative dispersion DD/D = 1 for both grain (a) and
grain boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.

Fig. 6. Local plastic strain distribution vs. grain-size distribution at mean grain size Dmean = 20 lm and relative dispersion DD/D = 6 for both grain (a) and
grain boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.

Fig. 7. Local plastic strain distribution vs. grain-size distribution at mean grain size Dmean = 110 nm and relative dispersion DD/D = 1 for both grain (a) and
grain boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.
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Fig. 10. Local plastic strain distribution vs. grain-size distribution at mean grain size Dmean = 49 nm and relative dispersion DD/D = 6 for both grain (a) and
grain boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.

Fig. 8. Local plastic strain distribution vs. grain-size distribution at mean grain size Dmean = 110 nm and relative dispersion DD/D = 6 for both grain (a) and
grain boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.

Fig. 9. Local plastic strain distribution vs. grain-size distribution at mean grain size Dmean = 49 nm and relative dispersion DD/D = 1 for both grain (a) and
grain boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.
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Fig. 11. Local stress distribution vs. grain-size distribution at mean grain size Dmean = 20 lm and relative dispersion DD/D = 1 for both grain (a) and grain
boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.

Fig. 12. Local stress distribution vs. grain-size distribution at mean grain size Dmean = 20 lm and relative dispersion DD/D = 6 for both grain (a) and grain
boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.

Fig. 13. Local stress distribution vs. grain-size distribution at mean grain size Dmean = 110 nm and relative dispersion DD/D = 1 for both grain (a) and grain
boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.
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Fig. 14. Local stress distribution vs. grain-size distribution at mean grain size Dmean = 110 nm and relative dispersion DD/D = 6 for both grain (a) and grain
boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.

Fig. 15. Local stress distribution vs. grain-size distribution at mean grain size Dmean = 49 nm and relative dispersion DD/D = 1 for both grain (a) and grain
boundary (b) at three overall axial plastic strains levels EP = 0.2%, 1.0% and 5.0%.

Fig. 16. Local stress distribution vs. grain-size distribution at mean grain size Dmean = 49 nm and relative dispersion DD/D = 6 for both grain (a) and grain
boundary (b) at three overall axial plastic strains levels EP = 0.2%, and 5.0%.
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Fig. 17. Standard deviation of normal and shear stress rate and strain rate of grain (a) and of grain boundary (b) as a function the macroscopic train. The
calculation for Dmean = 49 nm with the relative dispersion DD/D = 0.

Fig. 18. Standard deviation of normal and shear stress rate and strain rate of grain (a) and of grain boundary (b) as a function the macroscopic train. The
calculation for Dmean = 49 nm with the relative dispersion DD/D = 6.

Fig. 19. Standard deviation of normal and shear stress rate and strain rate of grain (a) and of grain boundary (b) as a function the macroscopic train. The
calculation for Dmean = 20 lm with the relative dispersion DD/D = 0.

548 S. Ramtani et al. / International Journal of Engineering Science 47 (2009) 537–553
Regarding now the mean grain size Dmean = 49 nm, it is found that for DD/D = 1, all grains become gradually plastic as in
the previous case (Fig. 9a). In the grain boundary (Fig. 9b), the plastic strain distribution is of first order (affine distribution)
contrarily to the previous situation which was relatively homogeneous. For broader dispersions like DD/D = 6 (Fig. 10a,b) all
grains become gradually plastic whereas, a proportion of grains and their grain-boundary remain also elastic and never reach



Fig. 20. Standard deviation of normal and shear stress rate and strain rate of grain (a) and of grain boundary (b) as a function the macroscopic train. The
calculation for Dmean = 20 lm with the relative dispersion DD/D = 6.
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their own plastic flow stress. Besides, for DD/D = 6 and Dmean = 49 nm, the proportion of grains remaining in an elastic state is
sensibly the same than for Dmean = 110 nm.

3.3. Internal stress fields

The local stress distribution profiles both in the grains (g) and grain-boundaries (gb) (�rðgÞ33 and �rðgbÞ
33 in the axial loading

direction 3) at three stages of macroscopic tensile plastic strains Ep
33: 0.2%, 1% and 2% are reported in Figs. 11–16.

The coarsest mean grain size Dmean = 20 lm case exhibit homogeneous local stress distribution and which is not affected
by the relative dispersion (Figs. 11 and 12). One can note that local stresses are higher in the grain boundary with respect to
lowest plastic strain in the same grain-boundary. Now, when analyzing the case of intermediate mean grain size
Dmean = 110 nm and slight dispersions DD/D = 1 (Fig. 13a,b), the local stress distribution remains quietly homogeneous
and highest than in the case of coarsest mean grain size. For broader dispersions like DD/D = 6 (Fig. 14a,b), local stress dis-
tribution is decreasing and lower than the overall stress R in the grain phase whereas it is increasing and upper than the
overall stress R in the grain-boundary phase. The same comments can apply for the finest mean grain size Dmean = 49 nm
(Figs. 15 and 16) with higher levels of local stresses in both phases. It is important to note that for the two last mean grain
sizes (i.e. 110 and 49 nm) and broad dispersions like DD/D = 6, the local stress distribution is of second order around the
mean grain size before increasing (decreasing for (gb)) linearly while moving away from the mean grain grain-size value.

3.4. Local magnitudes deviation

In order to determine how the local magnitudes deviate with respect to macroscopic magnitudes, Figs. 17–20 shows the
comparison between standard deviations (SD) in some stress rates and strain rates components (as a function of macroscopic
strain E33). Some general features of these curves are: (a) As elastic isotropy is assumed, all stress and strain are homoge-
neous up to approximately 0.5%. Heterogeneities start when the easiest slip system in the best oriented grain is activated.
(b) The model predicts higher deviations in strain than in stress, keeping close to upper-bound limit. (c) Concerning the grain
phase (g), both shear stress and strain are and remain severely heterogeneous (Figs. 17–20a) while the normal strain and
stress rates follow a decreasing process with a slope that depends upon the mean grain size and the relative dispersion.
(d) About the grain-boundary phase (Figs. 17–20b), it appears that the shear strain rate is extremely heterogeneous while
the shear stress rate is decreasing, denoting a homogenization process of this field. Again, the normal strain and stress rates
follow a decreasing process, with a slope that depends upon the mean grain size and the relative dispersion, in order to con-
verge to a homogeneous field. In all cases, the SD is higher in the grain phase than in the grain-boundary one.

4. Conclusion

As there is a great need for more understanding the response of heterogeneous materials to external applied loads and
especially when the surrounding grain-boundary is investigated with respect to the grain, the authors believe strongly that
this work is timely in a way helps provide quantitative insight. Then, a model based on a generalized tangent-self-consistent
scheme, and inspired from previous work of Jiang and Weng [22,23], was revisited in order to predict both the mean grain
size effect and the lognormal distribution upon the macroscopic behaviour of NC materials. The NC material is modelled as a
composite material that takes each oriented grain and its immediate grain boundary to form a pair, which in turn is embed-
ded in the infinite effective medium with a property representing the average orientation of all these pairs. Under small
strain assumption, the plastic deformation of the inclusion phase takes into account the dislocation glide mechanism
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whereas boundary phase is modelled as an amorphous material. It is clearly shown that characterizing fine grained heter-
ogeneous materials not only by its mean grain size but also in terms of its grain-size distributions should be an important
issue to optimize these microstructures and their processing. Then, this model appears to be more relevant than analytical
models treating the yield stress as simple mixture rules of components log-normally distributed. For one, not only the mean
grain size plays a role but also grain-size dispersion has an impact on the overall yield stress. It is shown that a deviation of
the overall yield stress from the local grain size dependent rule occurs. For another, local plastic strains and second order
internal stresses which develop within the material have been recorded and discussed depending on the grain-size distribu-
tion. It is found that an increase of grain-size dispersion leads to rise plastic heterogeneities within the material around the
mean grain size. Local plastic strain and stress fluctuations are even more pronounced for fine-grained materials.

It is well established here, as in previous works [43,44], that the impact of the grain-size distribution is more important
for fine-grained materials than for coarse-grained materials.

However, some limitations of the present contribution must be pointed out following some considerations that are par-
ticularly important for applications involving finite deformation because the mathematical structure is then more sophisti-
cated and expresses so much more of the essence of the phenomenon [70]. In extending this work to plasticity at large
deformation transformation, it is not possible to write a constitutive equation of the form (Eq. 1) involving the rate of Cauchy
stress and any ‘‘strain rate” since it would not be frame indifferent. On the other hand, if a suitable objective rate is used, the
analogy with linear elasticity is completely lost since the objective rate is not divergence free, nor does the linear transfor-
mation relating the ‘‘stress rate” to the ‘‘strain rate” satisfy the symmetry requirements necessary for the establishment of
the analogy. Furthermore the processes that create NC materials such as SPD, except perhaps ECAE, and others induce quite a
bit of internal stresses in the material [71], which cannot be relieved by annealing without destroying the fine grain size.
These initial stresses also invalidate the analogy since the usual elasticity approaches assume that the matrix and the inclu-
sion are simultaneously stress free.

Appendix

Parameters in Christensen and Lo [53], and Luo and Weng [54] models previously stated by paper (Jiang and Weng
[22,23]). In this Appendix we have used tangent moduli instead of secant moduli.
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