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Time Domain Analysis of Grounding
Electrodes Impulse Response

M. I. Lorentzou, N. D. HatziargyriouSenior Member, IEEEand B. C. Papadiatife Fellow, IEEE

Abstract—Lightning protection studies require estimation of ~cies, such as lightning, are examined. An improved technique
grounding systems dynamic behavior. This paper presents the ysing J.Marti's approach for calculation of transients in trans-
results of a new methodology for calculating the lightning response mission lines has been applied in [8], [11], [12]. Voltage and

of the basic component of any grounding system, the grounding . ,
electrode. Lightning strike is modeled using a double exponential CUrrent values along the electrode are calculated using EMTP's

time function. Closed-form mathematical formulae are used to frequency dependent transmission line model [13]. The main
describe current and voltage distribution along the electrode. advantage of this method is the convenientincorporation of high
The effect of soil ionization can be also taken into account. The frequencies making it suitable for lightning studies.
proposed methodology is validated by comparison of the obtained s paper presents a novel method for the analytical cal-
results with experimental and simulated waveforms found in . - .
literature. culation of the behavior of a grounding electrode under tran-
_ o _ sient conditions. The method belongs to the second category
Index Terms—Grounding electrode, lightning protection, 0pen- 4t methods (i.e., the grounding electrode is treated as an open-
ended transmission line. L h - .
ended transmission line or as a series-afircuits). Telegraphy
equations are used and analytical formulae are obtained for cur-
|. INTRODUCTION rent and voltage distributions along the electrode. The difference

NCOMPLETE knowledge of the transient response gyith previous attempts is that no particular assumptions for the
grounding electrodes results in almost empirical form nergization source or the length of the electrode are required.

lation of lightning protection methods [1]. Many attempt or example, in [4] and [5], the electrode is assumed infinite, so

have therefore been made in the past for the calculation tgft reflecuon; at the.far end can be neglectgd. Furthermore, n
this transient behavior. They can be divided in two maild]: @ linearly increasing current at the start is considered and

categories: 1) those based on frequency domain calculati §C|al assumptions for the Laplace inversion have been made.

with subsequent transformation of the solution in time domai € I?Igfonthm des_cnbetd I"; [t14] is based on prediction of the

using inverse fast Fourier transformation (IFFT); and 2) thoéSTu ﬁ rom ﬁxgenmen ad a T}' lihtning iniecti

based in calculation of the solution directly in the time domain. n.t e metho Propose: In the paper, lig tmng |nJecF|on eurs
Methods of the first category use an electromagnetic fielgnt IS modeled_as a typical double exponentla! function [1.5]’

approach for the calculation of the response of the groundiﬁ hough S!nUSO'dal or othgr forms can be considered. B?SIde.S

system in a wide range of frequencies [2], [3]. These method ’generallty, the method is charac_tenzed by accuracy, since It

when applied in the analysis of fast transient phenomena, ased on closed form mathematical expressions. It is shown

characterized by increased accuracy because they are a3l paper that from the infinite series of terms comprising the
Eneral solution for voltages and currents, only a small number

strictly on the principles of electromagnetism and the lead . ) . ;
rms is needed to provide results of satisfactory accuracy in

neglects possible are made. The fact that a system of equati8 . . . L
has to be solved for every single frequency, however, increa]g@gSt practical cases. This remark Ie_ads to_h|ghly _S|mpI|f|ed_so-
significantly increases the computational time required. utions and allows very fast calculations with basic computing

Methods of the second category use a transmission line mot?é?ls' Using this approach, results from the analytical calcula-

of the electrode either trying to solve directly the telegrap jpn of the lightning response 9f horizontalgrognding eIectrers
equations [4] and [5], or using a number of series connect presented. The impulse impedance, defined as the ratio of
r-circuits [6][8]. Thé latter is proved equivalent to a transin€ instantaneous potential rise at the injection point to the ener-
mission line. when the number of circuits tends to infinite [g]gization current and the impulse coefficient, defined as the ratio
Most of these methods need to make low-frequency, quasist icthe impulse '”_‘peda”C? _to j[he power frequency resistance,
approximations. The upper frequency limit of satisfactory al'® c_alcglated. Fmally, soil ionization phen_omena are modelled
curacy depends on the size of the electrode and the elecm%%rp&derlng a dynamic cha_nge of the _radlus OT the gro.undlng
characteristics of the surrounding soil [10]. Nevertheless hductor. The results'obtalned are V‘f""dated with experlmehtal
error is introduced when phenomena involving high freque ata and compared with results obtained from other analytical
methods or numerical methods published in the literature [5],

[7], [14], [16].
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! Cv,

Soil Surface:

,n!

C,, , are real constants. Going backward, it is

in-1p(t) =(G + CD)V,, 5 (1)
= (G + aC)Cvq e — (G + BC)Cug e’ | I.

Grounding Electrode

Equivalent Hetwork Representation

Following a similar approach, a partial solution of the differ-

dé
I, R L R L R L R L
% % % % ential equation considering current at theircuit, is of the form
c G C G C = C £} C £} .
1 1 1 1 1 1k Bt

i ket = Cp e (2)

whereC, ,Cs i are constants.
The Kirchoff’ s laws for voltages and currents need to be sat-
L T T AN T isfied at any point of the network, providing (see Appendix A)

% % g %} fl} nlgrolo in(t) =Iy(z,t)

Y LI

Fig. 1. Grounding electrode and its equivalent network representation.

Fig. 2. \oltages and currents at lumped elements of the equivalent circuit sinh (%J)
network. .
_sinh (ys (£ - 7)) eﬁ't> 3)
and shunt capacitancé . Voltage and current distribution along sinh (75£)
the electrodes must satisfy the telegraphy equations Telegraphy equations result in voltage distribution as follows:
_9V(z,1) —RoI(2,1) + Lo dI(z,1) g [(Zcosh(ra(t—x)  7a at
Oz d Vo(,1) =lo sinh (74¢) G.+a-C
9l(z,t) AV (z,1) Ta e e
- =G V(z,t)+ C, e _ —cosh(ys(f—=)) 8 St
For the purposes of our analysis, grounding electrodes sinh (y5¢) Ge+p-Ce
are modeled as a network of series connectegluivalent +const: e—(Get/Ce)) (4)
circuits with lumpedR—-L-C' elements, where each-circuit
corresponds to a small conductor segment (Fig. 1). where v, = \/(Re +aL.)(G. +aC,.) and v5 =
Mathematical analysis of this network requires \/(Re + BL.) (G. + BC.).
i) formulation of the expressions of voltages and currents The above partial solution must be completed by the general
for the equivalent network af-circuits; solution of the homogeneous differential equation. This is ex-
ii) calculation of their limits as the number afcircuits in- pressed by the following equations for current and voltage, cor-
creases. respondingly (see Appendix B):
For an infinite number of circuits, the network model of oo .
the electrode is equivalent to an open-ended transmissiory, (z, ) =1, Z Cy(k) - sinh (v, 1) (¢ = ©)) . eri(k)t
line [9]. Consequently, this procedure does not introduce any 1 Zy, (k)
apprOX|_mat|on. . o o sinh (Y, ) (£ — @)
The first stage of this calculation involves determination of +Ca (k) - Zro (F)
the voltages and currents, andi; at each segment, as shown 2
in Fig. 2. '6T2(k)'t} (5)
For lightning studies, a source current of the foig(it) = oo
Io - (e — ¢”) is assumed. A linear differential equation with V;,(x,t) =Io {Cl(k) ~cosh (Y, (k) (£ — ) - e )t
constant coefficients for the unknown voltagg at the end of k=1
the electrode as a function of the source current can be written +Cs (k) - cosh (v, ) (£ — 7))
as follows whereD = (d/dt), or _ew(k)_t} ©)
io =(G+CD)(Vi+Vat---+V,)
_ i0= (G +CD)((R+ LD)iy + V3] +Vz—|----+Vn)} _, Where
i =(G+OD)(Vat Vst -+ Va) —R.Ccl? — LG > + A
Tl(k) o 2LEC+€
io = B[(AB +2)Va+ (AB+1)V3 + --- 4+ (AB + 1)V,,] CRCA? LG4 — A
® k) =
whereA = R+ LD, B = G+ CD. i
Proceeding this way, a linear differential equation with con- A :\/(RGCJ? - LQGJZ)2 — 4L, C 0% — w2k2
stant coefficients involving only,, and:; is obtained, as shown
in the Appendix B(A.11). Z, (k) = Re 4 ri(k)Le Z,. (k) = Re +ro(k)Le
A partial solution of this equation is ' Ge +ri(k)Ce Ge +12(k)Ce

Vap(t) = (Cvgne™’ — Cugne®) I Yrsky =V (Re + 13(k)Le)(Ge + ri(k)Ce).
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Consequently, current and voltage at any point of the elec- ! el T

trode at any time are given by (7) 0.8 o | i
0.7 Fﬁﬁ‘ QE\C = = 1)
I(z,t) =In(2,t) + I (z, 1) 0.53 “‘m\
V(x,t) =Vi(z,t) + Vp(a,1). ) )
0.25 E{

Expressions (5) and (6) comprise sums of infinite terms, only ol
a few terms are needed, however, to approximate the solution = -0.05
with satisfactory accuracy. -0 71007 (i)

The number of these terms depends on the electrode length,  -p3s
soil resistivity, relative permittivitye,., and the rise time of the S0
injection current. It increases as the length of the electrode in- 0 01 0203 04 05 06 07 08 08 1
creases and as the soil permittivity decreases. It should be noted (a)
that accuracy within less than 1% is obtained with only one term 3 e
when the response of electrode lengths shorter than the “effec- 38 rPf“
tive length” determined in [9], is calculated. In electrodes longer 2 z
than the “effective length,” however, three terms provide results 05 p
with an error<1% in all practical cases examined. These terms , i
should be selected from the values-of (k) which are close to s
the parameters of the injected double exponentjal. . jﬁ'

The fact that very few terms are needed in the final ex- ! rg,m"’"
pressions (5) and (6) greatly simplifies the method making it 5
suitable for use in analytical calculations. It should be noted i X/ 10U (m)
that apart from this simplification, closed form expressions “ad
have been used in the main stages of the procedure, ensuring '100 0l 02 03 0f 05 06 07 08 08 1
results of high accuracy.

All constantsC; (k) and C2(k) in (5) and (6) anctonstin ()

(3) are determined in order to satisfy the initial conditions dfi9- 3- (&) Comparison ofl,(z,zv/'L.C.) and I,(z,av'L.C.). (b)
. . Comparison oV}, (z, z/L.C.) andV,(z, 2v/L.C.).
propagation of current and voltage travelling waves

I (a;,x@) =0 where
V (2,2v/L.C.) =0 8)  B(i1... kmax—1) =g <1-~-kmax— it )

kmax
. .t
or Q ('L7 kmax) :gl 1

kmax

I (:L‘,JZ\/LeCE) +1, (w,w\/L@Ce) -0 9) V(b =V, (kkik ¢ \/ﬁ)
Vi (lx\/ﬁ) +V, (:r,x\/LeCe) —0.  (10)

max kmax

Almost accurate match is achieved betwdgliz, zv/L.C.)

It is convenient to use the auxiliary functions and I,(z,zv/L.C.) and between V,(z,rvL.C.) and
Vp(z,2v/L.CEg) as shown in Fig. 3 for the case of a
sinh (v, ) (0= 2)) o yev o 100-m-long electrode in 100m soil with e, = 4 excited
fk,x) = Z Zr. (F) iRy Ce by a 8/20us current. Coefficient€r(k) are C(1) = 5.771,
=12 ' C(2) = —0.589, const= 5.858.
g(k,z) = Z cosh (v, k) (£ — ) - eri(k)@VLeCe
i=1,2 A. Analysis of Travelling Waves
gl (z) =e~(Ge/Ce)mVLCe (11)  In the expressions (3)—(6), forward and backward travelling

waves can be distinguished for current

C4 (k) are set equal t@'y(k), in order to have real values of
+ e ttVa (t—x) ie,ﬁ-t:l:'y;g(ffx)

I, (z,t) andVy(z, t) when the roots; (k) are complex, but this 1% (1) = _
works well also when the roots are real. There are two possible ’ sinh (y4¢) sinh (y¢)
ways to determin€’;(k): using (9) or using (10). For example, oo eri k)t ) (6—2)

i i i : Cy (k) -
using (10), the following equations are formed: F ; 1 (k) 7

Ci(1.. kmax —1) =BV (1.. . kmax — 1 72 (k) -ty () (E=2)
( ) —_1 —p( ) —|—02 (k) e 2 (13)
const=B""-V,, (kmax) (12) Zrs (K)
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TABLE |
INPUT DATA FOR MODEL APPLICATION e /\ Jm
Test electrode | Injection Current / \
Length = 100m _ ( a _ B ) T
Diameter = 3mm Imurce (t) - [0 e —e _ So[asm
Burial depth = 0.60m Ip=155227 A E, ot f ; =
r4
P, =0.25 E-6 Ohm-m O =-3640, [3 =-652210 g W o
~J0 m
R ~ |
10 / .
9 : 017 //’kIQ‘S‘T = B
a . 140 m
= & § Fig. 5. Current distribution versus time at various points of a 140-m-long
é 5 1t 2 electrode buried in high relative permittivity s¢d,. = 50).
5+ 3
.. et .|
3 ;‘L‘t—n-;-__?_ o /-\ [
2 (
1 0.5 [
0 &= ] Z,,
0123 458687 38 3103112131415 = T28|m
TIME (us) 4
%:03 =
Fig. 4. Response under an impulse strike from (@) —EMTP. (b) - - - - ° ( ; - —m
Analytical formulae (7). (c) o o o experimental data. | —
F 105 m ™
and for voltage U i o
_ea.tifya (t—zx) TIME (s)
V:t (:E'/ f) = . ) Jo . L . . .
sinh(y£) G. + aC, Fig. 6. Current distribution versus time at various points of a 140-m-long
oftEs (0—2) ~ electrode buried in low relative permittivity sdit, = 1).
Y B !

sinh(50) G, + BC. ‘

B Z {Cl(k‘) - e (k) tEye () (=) 4
k=1

+Co(k) - e”(’“)'fiw(m(‘*r)} (14)

VOLTAGE ()

In (13), I (z,t) is the sum of all forward current waves, and
I~ (z,t)is the sum of all backward waves. Total current at point
is given as the sund(z,t) = It (z,t) + I~ (x,t). A similar
expression is used for voltad&(x,t) = V¥ (z,t) + V~(x,t).

I1l. M ODEL VALIDATION o
TIME (s)

Validation of the proposed method is based on experimental
data from literature [7]. Test electrode and injection current aggét
described in Table I. Soil has resistivity 20m and permit-

tivity 80. Current injected has low values so soil ionization phe- . .
and voltage values at various points of the electrode are shown
nomena can be neglected.

Results are plotted in the following Fig. 4. They are contrasted ITI(Q:’ZH EE)_eS(.)bserved that currents and voltages at anv point of
to experimental data and results obtained from EMTP, where ttrﬁ g yp

e )
e electrode have almost the same waveshape versus time as

electrode is modeled using a series of pi-circuits, similar to ttee injected current when. = 50 (Figs. 5 and 7). When rela-

model of Fig. 1. It is shown that the results are almost identicf?ve ermittivity is low. the effect of the capacitive component
to those from EMTP and close to experimental ones. P Y X P X

weakens. In this case, the electrode shows a reactive behavior.

This results in faster appearance of the voltage peak (Fig. 8) at

the injection point and distortion of the current waveshape along
The proposed model is applied to the transient analysis offee electrode (Fig. 6).

140-m-long electrode with a radius of 1.5 mm, buried in 0.9 min Maximum current value decreases as the distance from the

3002 m soil. Injection current has a 7/28 waveform. Current start increases, until it reaches zero at the electrode end. This is

7. \oltage distribution versus time at various points of a 140-m-long
rode buried in high relative permittivity s¢#,. = 50).

IV. APPLICATION
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Fig. 8. \Voltage distribution versus time at various points of a 140-m-longjg. 10. Impulse impedance from (@4 ¢ Experimental data. (b) — Analytical
electrode buried in low relative permittivity sdit,. = 1). formulae.

the soil occurs. In this case, the electrode will be surrounded by
i a cylindrical corona-type discharge pattern, which augments its
practical radius and makes the dispersion of the current from its
surface to the earth easier. The critical breakdown strefigth

of the surrounding soil can be obtained from the following for-
mula [17]:

0 0 0 Experimental
—— Cal culated

o X
0.4~
)

o.zL

0.8

Eoip = 241 - 05" (15)

whereE..;; is in kilovolts per meter and is in (Qm)~1.
According to [16], soil resistivity of the surrounding soil de-
cays in an exponential manner, when ionization occurs. At the
deionization phase, it recovers also in an exponential way. In the
method proposed in this paper, soil ionization can be easily ac-

expected from the theory of travelling waves at the open-endggfmodated at a given tinteny modification of the electrode

transmission line, since current waves are fully reflected at thius as follows.

end of the electrode, giving a zero total current value at this 1) Current and voltage distribution along the electrode are

point. calculated for given soil characteristics, impulse current,
The ratio of the maximum voltage at any fixed distanc® and electrode geometry.

the maximum voltage at the current injection point decreases2) The field strength is calculated, leading to a respec-

as the electrode length increases, because the increased length tive change of the conductor radius, if applicable.

weakens the effect of superposition of reflections at the end. Modified conductor radius is given from the formula

This is shown in Fig. 9 where experimental results [5] and ana- 7 = (Ip/27lE.) wherel is the leakage current at a

lytical formulae (7) have been contrasted for the calculation of ~ discrete pointy is the resistivity of soil, andt. is the

] 1 1 1 1
80

1
100 120 140
Distance from 0 (m)

Fig. 9. V. /V, ratio versus electrode lengthv.).

V.. /Vp ratio for the simulated 140-m-long electrode in 30@n
soil.

Impulse impedance is defined as the ratio of the transient po-
tential at the injection point to the current injected

3)

V (0,t)
I1(0,t)°

Z(0,t) =
In general, it has higher values than the steady state resistance,
although a lower value may appear at the first is depending on
the electrode characteristics. An example of impulse impedance4)
calculation can be seen in Fig. 10, where calculation results for,
30.48-m-long electrode buried in various soils appear to agree
. . en
well with experimental data [14].

V. SOIL |ONIZATION

critical electric field intensity value.

Current and voltage distributions are calculated for the
new radius of the conductor which is changing along the
electrode. This results in modification &L—C' param-
eters of the equivalent ladder network that represents the
electrode, according to an exponential rule. The rest of in-
jection current is considered as energization source. Cur-
rent and voltage values at timérm the initial conditions

for the calculation of current and voltage distributions at
the next time steps.

For the next time, steps 2 and 3 are repeated.

Using the proposed method, the experimental results pre-
ted in [18] are reproduced.

The electrode under consideration is a 8.61-m buried hori-
zontal electrode excited by 22.2-kA impulse current. Voltages
and currents have been calculated for the first80Raised po-

When large current densities are injected in the electrodential at the injection point of the electrode has been calculated
large currents emanate from its surface to the soil. When tfog injection of 15 kA and it is contrasted to experimental values
critical field strength exceeds a particular value, breakdown iof Fig. 11.
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\'\Va i pr, i g, 2 A is v

\oltages and current at lumped elements of the equivalent circuit

Fig. 12.
network

YN

The relations (A.4) shown before take a different form at the
start of the electrode

1=24+(R+aLl)(G+aC)]Cs1 —Caps

Fig. 11. \oltages produced at ionized electrode (a) ___ Calculated.«ls)

Experimental (22.2 kA). 1= [2 + (R + ﬂL) (G + /30)] Oﬂ,l _ Cﬁ,z (A.5)
VI. CONCLUSIONS and at the end of the electrode
In this paper, a new method for the analysis of the transient
behavior of grounding electrodes is presented. It is characterized Can—2 =2+ (R+aLl) (G +a0)]Can
by the following advantages. Cgn2=02+(R+pL)(G+pC)Cspn-1. (A6)

* The method is based on closed form solution of the teleg- ]
raphy equations. The solution is achieved directly in timeoefficientsC,, ;. and C ;. that fully satisfy (A.4)—(A.6) are
domain, so any transformation to and from the frequen&jVen as

domain is not required.

* The method is general (i.e., no particular assumptions for ~  _ aq
the form of the energization source or the length of the

electrode are required).

(B0 B (o 1)

T TRET) et @ D)

(A.7)

« Convergence to fifth decimal point is achieved using onkyhere

a few terms (up to four) of the infinite series expressing
analytically the current and voltage distributions, while
the initial conditions are fully satisfied. This simplification

simplifies and accelerates calculations.

» Results compare very satisfactorily with field measure-

o 2PV
2

fr=p—a
p=2+(R+al)(G+aC).

ments or results from other analytical or numerical
methods. A good agreement is also observed in case soilhe limit of (A.7) as the number of segments tends to in-

ionization is incorporated in the analysis.

APPENDIX A
FORMULATION OF PARTIAL SOLUTION FOR CURRENT AND
VOLTAGE ALONG THE ELECTRODE

Kirchoff’s currents law at nodé of the circuit in Fig. 12 is

written

AVt

ig — g1 = GV +C i

. (A.1)

Considering a current distribution of the form described in —

(2), integration of (A.1) gives

Cake = Cakt1 or Ok — Cpitr At
Gta-C G1p-C
+const: ¢

Viekr =

-G/ (A2)

Kirchoff’s law for voltages at thé-th circuit is written

dig+1
k1, (A.3)

Replacing in (A.3)Vi41 and V4o from (A.2) andiz4, from
(2), we obtain from (A.3)

Car =2+ (R+al)(G+ aC)] Cqx41 — Ca ke
Cpr =124+ (R+BL) (G + BC)| Cp 11
= U3 k42

Vit1 = Vigo + Rigy1 + L

(A.4)

finity, is calculated as follows.

Increasing the number of segments a point of the electrode in
x(m) from the start, corresponds tocircuit with & = nz/{.
Consequently, it is

lim Ca,k
o= (= = 1) + 4 = 1)
BB =) ot (0" 1)
agnm/l)—Z (ﬂ%n_4 _ 1) + ﬂ§nx/l)—2 (a?n_gi _ 1)
(B o1) v ol (@P - 1)

= lim

n—oo

n—oo

Itis lim,,— oo 1 = lim,, . (p + /p? — 4)/2 where
lim p= lim {2 + <RJ + aLP'g) <GF[ + ozCP'g)} = 2.
n— oo n n n n
(A.8)

Solim, oo 1 = 1 @andlim,, oo 1 = limy oo (p— 1) =
2—-1=1

R. + aL.)(G. + aC,)?
lim (l? = lim |:1_|_ ( -t a )2( . +a )
n—0o0 n—oo n
Re 4+ aL.)(Ge 4+ aC )02\ ?
o) (14 Betale)(Get+aC)N™ 1 e
2n2
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wherey, = /(R + aL.) (Ge + aC.) Solutions of (A.13) are: = —(G./C.) and
lim 3} = lim <i>n — ¢ Yol ¥l :lmrjl'./ k=%1,2,3...00 =
Limit of C,_ is finall o - 2LeCe
ak y (“ReCol® = LG 2
_ ere? (6721l — 1) 4 e77e" (27 — 1) +\/ (RCol? — LG ?)” — 4L, Co?m2k2
lim Cyu =
n—oco (e=27al — 1) 4 (€272t — 1) 1
:cosh (Vo (z = 2¢)) — cosh (yaz) ro(k) =3L.C.

cosh (27,4) — 1
_sinh (4 (£ — 1))
~ sinh(yaf)

- (=RCl? — L.G.0?
—\/ (R.Col? — L Gol?)? — 4LeCe£27r2k~2> .

(A.9)

PlacingC, ;. as given from (A.9) and a similar expression forc . th [ soluti t the h
Cj 1 in relation (2), we obtain (3). onsequently, the general solution of the homogeneous equa-

tion for the voltage at the end is written

APPENDIX B -
FORMULATION OF SOLUTION OF HOMOGENEOUSEQUATIONS Vi (e, t) = Z {Cl(k) Ceri(B)t 4 Cs (k) - er2(k)-t} . (A14)
k=

FOR CURRENT AND VOLTAGE ALONG THE ELECTRODE 1

From Fig. 12, we obtain
Going backward in the circuit of Fig. 12 at a poinsegments

dvy from the start, it is
ioZGVl-l-CW + 21. (A.10
: . ~
2 (_as _n2(_ B2
WesetD:d/dt,A:R+LD,B:G+CD ik_1:a2( 62) ﬂZ( ag) Vn (A15)
Going backward from the end of the electrode to the start, it B2 — as

can be proved by induction that it is
whereas and 3, are as in (A.11). Calculation of the limit of

n—1 n—1 (A.15) as n tends to infinity, and use of (A.14) leads to expres-
2 (_as — 32 _ B2
(-5) -m(2)
v

a3\ =3, sion (5). Use of the telegraphy equations leads to expression (6)

(63

to = By — s n (A-11) for voltage distribution along the electrode.
wherev, = [~AB + \/AB(AB +4)] /24 andf}, = —B — REFERENCES
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