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Classroom

In this section of Resonance, we invite readers to pose questions likely to be raised in a
classroom situation. We may suggest strategies for dealing with them, or invite responses,
or both. “Classroom” is equally a forum for raising broader issues and sharing personal
experiences and viewpoints on matters related to teaching and learning science.
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1 Throughout the article, the pas-
sengers in the plane are as-
sumed to be male, purely for
reasons of convenience, and no
bias towards either gender is
intended.

A c o u n tin g p ro b le m th a t e x p lo re s c e rta in w o rrie s

o f th e la st p a sse n g e r o n a n a irp la n e .

1 . In tro d u c tio n

In th is article, w e d ea l w ith th e p rob lem o f h av in g a
forg etfu l p assen ger on an a irp lan e. T h e p recise scen ario

is as follow s:

O n a p la n e th at can a cco m m o d ate on e h u n d red p a ssen -
gers1 , th e ¯ rst p a ssen ger h as lo st h is b oard in g p ass. H e

ch o o ses to sit at ra n d om . E very p assen g er th erea fter
seats h im self in h is ow n seat if h e ¯ n d s it, else h e sea ts
h im self a t ran d o m a s w ell. W h at are th e ch an ces th at
th e h u n d red th p a ssen ger is sittin g o n h is ow n seat?

T o tack le th e p ro b lem , w e ¯ rst m a ke som e n orm alizin g
assu m p tio n s:

1. T h e p assen g ers en ter th e p la n e in a ¯ x ed o rd er,
w h ich is a rb itra ry ex cep t for th e fact th a t th e ¯ rst
m an is th e m a n w h o h as lost h is b oard in g p ass.
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Appealing to
intuition may not
be the best way to
approach the
problem.

T h e im p o rta n t th in g is th a t w e w ill n ot allow tw o

p assen gers to en ter th e p lan e at th e sam e tim e.
T h is m ea n s th at w h en th e ith p erson en ters th e
p lan e, h e sh ou ld ¯ n d i ¡ 1 seats o ccu p ied .

2. If a p a ssen g er ¯ n d s th a t h is seat is o ccu p ied , h e
w ill n ot ¯ gh t or q u a rrel or m ak e an y fu ss w h a t-
so ever a b o u t n ot gettin g h is ow n seat, b u t w ill
p ro ceed to ch o ose an em p ty seat at ra n d om like it

is th e m ost n atu ral th in g to d o . (T h is is to en su re
th at ou r p ro b lem is so lv ed w ith m in im u m d elay.)

3. O n ce a p assen g er h a s seated h im self, h e ca n n ot

ch a n ge h is ch oice at an y la ter stage, even if th ere
are em p ty sea ts righ t in fron t of h im o r oth erw ise.

4. If a p assen ger's sea t is em p ty w h en h e en ters th e

p lan e, it is a b solu tely certain th at h e w ill ¯ n d it.

2 . A n In tu itiv e A p p ro a ch

A p p ealin g to in tu itio n m ay n ot b e th e b est w ay to a p -
p roa ch th e p ro b lem , p a rticu la rly in th e b eg in n in g, w h en

an y ¯ rst a ttem p t m ay lo ok lik e an in tim id atin g ch a os of
com b in ation s (p erh a p s som e of th em even in valid ; like
try in g to sea t th e ¯ rst p a ssen ger in th e th ird p assen g er's
seat a n d th e secon d p assen g er in th e ¯ rst p assen ger's).
H ow ev er, w e w ill tak e a p lu n ge an y w ay, b efore w e m ess

aro u n d w ith th e a ctu a l ca lcu lation .

N ote th a t th e 1 00th p a ssen ger d o es n ot really h ave a
ch o ice. H e en ters th e p la n e, lo ok s for the em p ty seat, sits
d ow n , p erio d . H e m ay ju st ch eck , ou t o f cu rio sity (or
for th e sake of ou r p rob lem ), if th e seat is h is d esig n ated
or n ot.

It is p erh ap s n a tu ral to w o n d er w h o se sea t th is could
b e. W e on ly w an t to co n sid er th e p ossib ilities at th e
m om en t. If, for so m e esp ecia lly ab sen tm in d ed gro u p of
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We claim that the
100th passenger

can be occupying
only one of two

possible seats –
either his own, or

that of the first
passenger.

p assen gers, everyon e w as forced to sit a t ran d o m , th en

th is l̀eftov er' seat cou ld b elon g to an y o f th e h u n d red
p eop le. W e w ill retu rn to th is scen a rio later, let u s ta ck le
th e p resen t p rob lem ¯ rst.

W e claim th a t th e 1 00 th p assen g er can b e o ccu p y in g
on ly o n e of tw o p ossib le seats { eith er h is ow n , or th at
of th e ¯ rst p assen g er. T o p rov e th is claim , let u s a s-
su m e it is w ro n g to m ak e su ch a claim . T h en th e 10 0th
p assen ger m ay actu ally b e sea ted on th e sea t of th e ith

p assen ger, w h ere i is an y n u m b er b etw een 2 a n d 99 .
H ow ev er, for th e la st m an to o ccu p y su ch a seat, it m u st
b e em p ty w h en h e en tered . T h is m ea n s th a t th e seat in
q u estio n m u st h av e b een em p ty w h en its real ow n er h ad
ap p eared ea rlier, d u e to a x iom 3. B u t a x iom 4 m a kes

th is situ ation a con trad iction . R ecall th a t w h en ev er a
p assen ger ¯ n d s h is seat em p ty, h e is d u ty b o u n d to o c-
cu p y it. T h erefo re, it follow s th at th e last p assen g er is
eith er u sin g h is seat, or th e ¯ rst m an 's sea t.

F or an in tu itiv e a p p roa ch , th at sh ou ld b e su ± cien tly
in terestin g . A lth ou g h th is is a far cry from th e an sw er
w e are lo o k in g for, it w ill aid in fo rm u la tin g th e so lu tion .

3 . A n d th e C h a n c e s A re ...

3 .1 W o rk in g it O u t

W e b egin b y in tro d u cin g so m e m ore n otation . W e sh all
refer to p a ssen ger i b y p i. L et an y 1 00-letter w ord
form ed u sin g th e a lp h a b et p i, i 2 I (w h ere I is an in d ex
set of size 10 0) d en ote a p ossib le sea tin g arran g em en t.
N o letter m ay b e rep ea ted for ob v iou s reaso n s. If th e

letter p i is th e jth letter of th e w ord , th en it is to b e u n -
d ersto o d th at p i is o ccu p y in g th e jth p assen g er's sea t.

N ow , let U d en ote th e set of all w o rd s w h ich rep resen t

valid com b in atio n s, i.e., co m b in ation s th a t can b e o b -
tain ed w ith ou t b reak in g a n y o f th e co n d ition s ou tlin ed
in S ection 1 . N ow , let T d en ote th e set of a ll w ord s in
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U w h ose con clu d in g alp h ab et is p 1 0 0 . In oth er w ord s,

w e are collectin g all com b in a tio n s in w h ich th e la st m an
d o es ¯ n d h is seat an d callin g th e collectio n T . A lso, let
th e com p lem en t of T w ith resp ect to U b e d en oted b y
F .

W e d e¯ n e a m ap p in g ¡ : T ! F a s fo llow s: for ev ery
w ord t 2 T , let ¡ (t) b e th e w ord o b tain ed b y in ter-
ch a n gin g th e p osition s o f th e ¯ rst a n d h u n d ered th let-
ter. T h e w ord th u s ob ta in ed is clearly an elem en t of

F , an d fu rth er, every elem en t o f F m ay b e d e¯ n ed a s
¡ (t) fo r so m e t 2 T . In d eed , su p p o se th is w ere n ot th e
case. T h en th ere w o u ld ex ist at least on e f 2 F w h ich
is n ot ¡ (t) for a n y t 2 T . H ow ev er, co n sid er th e w ord
ob ta in ed w h en th e ¯ rst a n d h u n d ered th letters of f are

in terch a n ged . T h is h a s to b e an elem en t in T sin ce T is
th e co llection of all va lid w o rd s for w h ich th e 100 th let-
ter is p 1 0 0 . (R ecall th at all elem en ts o f F are w o rd s th at
begin w ith p 1 0 0 , con sisten t w ith ou r rea son in g th at th e
last p a ssen ger eith er o ccu p ies th e last sea t or th e ¯ rst.)
T h u s w e h av e fou n d a n elem en t t in T so th a t ¡ (t) is f ,

con trad ictin g o u r assu m p tio n th at th is w as n ot p ossib le.
T h is im p lies th at ¡ d escrib es a on e-on e corresp o n d en ce
b etw een T a n d F , a n d it follow s th at b oth sets m u st
h ave th e sam e ca rd in a lity.

A t th is p o in t, th e read er m ay w on d er if it is va lid to
assu m e th at th e fu n ction ¡ , w h en a p p lied to a w ord in
T , a lw ay s retu rn s a 'valid ' com b in a tio n , in th e sen se of
corresp o n d in g to a seatin g arra n gem en t th a t resp ects

ax iom s 1-4 d escrib ed in S ection 1 . W e m ak e a cou p le of
ob serva tio n s in th is con tex t.

O bservation 3 .1 . It is alw ay s tru e th at w h en p a ssen ger
p r en ters th e p lan e, th e seats b elon gin g to p a ssen gers

p 2 ;p 3 ;::: ;p r¡ 1 a re o ccu p ied . T h is follow s from th e a r-
gu m en t th at if th is w ere n ot th e case, th en so m e p a s-
sen ger h a s clea rly v io la ted ax io m 4.
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L em m a 3.1 . S uppose u is in T , an d p r is the ¯ rst let-
ter in u . T hen , p r is the last passen ger to seat him self
at ran dom in the arran gem en t that correspon ds to u , in
other w ords, every passen ger p k , w here k > r, is guar-
an teed to ¯ n d his seat.

P roof. T h is fo llow s fro m th e ob servation th at a p a ssen -
ger p k ;k > r , w h o ¯ n d s h is sea t o ccu p ied u p on en try,
w ill lead to th e im p lication th at th ere a re k o ccu p ied
seats, a n d h en ce k p eop le o n th e p lan e ex clu d in g h im -

self, w h ich fails to resp ect a x iom 1 . T h is is b ecau se th e
¯ rst p assen g ers' sea t is taken (p r ), th e k th p assen g ers'
seat is tak en (sin ce h e claim s to h ave fou n d h is seat o c-
cu p ied ), a n d a ll in term ed iate sea ts a re also o ccu p ied (a s
w e ob served in th e p rev iou s rem a rk ) { giv in g u s a tota l

tally o f k p assen g ers ex clu d in g th e k th . S in ce th e m y s-
terio u s n ew p assen g er ca n n ot b e ex p lain ed , w e co n clu d e
th at every th in g th a t h a p p en s after th e ¯ rst p assen g ers'
seat is o ccu p ied is d eterm in istic.

O n th e oth er h an d , su p p o se u w a s in F , th en w e let p r
b e th e la st letter in u . In th is case a s w ell, w e claim th at
p r is still th e last p a ssen ger to sea t h im self at ran d o m .
T h e a rgu m en t is sy m m etric to th e on e p rov id ed for th e
case w h en u is in T . ¤

T h a t th e fu n ctio n is a x iom -p reserv in g follow s n ow , sin ce
th e tw o alp h ab ets in volved in ou r in terch a n gin g ex ercise
are sp ecial o n es { on e is th e la st p assen g er, an d th e oth er

is in varia b ly th e la st p erson to sea t h im self a t ran d o m .
T h u s, it is easy to see th a t w h en w e in terch an ge th eir
p o sition s, it can n ot g en erate a com b in a tion th at v iolates
th e ru les.

N ote, h ow ever, th at w e d o n ot rea lly req u ire p r to sa tisfy
su ch a stron g p ro p erty fo r th is m a p p in g to b e va lid (th e
read er is en cou raged to ¯ n d a sim p ler p ro of, or a t least,
d evelo p an in tu ition th a t d o es n ot rely o n th e ob serva -
tio n s a b ov e). W e w ill so on see (in th e m ore g en eral case
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of th is p rob lem ) th at ex ch a n ges th at d o n o t n ecessarily

in v olve p assen g ers w h o are th e last to seat th em selves
at ran d o m can also gen era te valid arran g em en ts.

H av in g esta b lish ed th e ro b u stn ess o f ¡ , w e p ro ceed to

ou r calcu lation . B egin b y n oticin g th at for ev ery w ord
u in U , w e m ay asso cia te w ith it a n u m b er P f u g , w h ich
d en otes th e p rob ab ility of th e o ccu ren ce o f u . F or a
given u , let R u d en o te th e ord ered set of a ll p a ssen gers
w h o sea t th em selv es a t ra n d om . T h en th e p rob ab ility

P f u g is given b y : Y
i2R u

1

(1 00 ¡ i + 1 )

F or in stan ce, if th e ¯ rst p a ssen ger d id ¯ n d h is sea t, th en
th e resu ltin g w ord (w h ere every p assen ger h a s o ccu p ied
h is ow n seat) w ill o ccu r w ith p rob a b ility 1 = 10 0.

H ow ev er, w e are n ot in terested in th e sp ecī c va lu es of
P f u g . In stea d , con sid er a n a rb itra ry b u t ¯ x ed w ord
t 2 T . W e w ou ld n ow like to com p are th e p rob ab ilities
of t a n d ¡ (t) { a n d th e cla im is th at th ese p rob ab ilites

are ex actly eq u al:

L em m a 2 .2 . P f tg = P f ¡ (t)g
R eca ll th at

P f tg =
Y
i2R t

1

(10 0 ¡ i + 1)

an d

P f ¡ (t)g =
Y

i2R ¡ (t)

1

(100 ¡ i + 1 ):

T o see th a t th ese p ro d u cts are eq u al, w e o n ly n eed to
estab lish th a t R t = R ¡ (t), th a t is, th e set o f p eo p le w h o
seat th em selves a t ran d o m is th e sam e in t an d ¡ (t).

L et th e ¯ rst letter in t b e p k . S in ce th e w ord ¡ (t) is
th e sam e as t b u t for th e ¯ rst an d last letters, it su ± ces
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to o b serve th a t p k is th e last p erson to seat h im self at

ran d om in b o th con ¯ g u ratio n s, t, a n d ¡ (t).

R eca ll th a t w e sp lit U in to tw o m u tu a lly ex clu sive a n d
ex h a u stive su b sets T an d F , an d fu rth er estab lish ed th at

th ese sets h av e eq u a l card in a lity. T h is im p lies th a t U
itself h as an even n u m b er of elem en ts { let th is n u m b er
b e 2h . (A lth o u gh th e actu al va lu e of th e n u m b er h is
b o th u n k ow n an d irrelevan t, th e in terested rea d er m igh t
refer to th e ap p en d ix , w h ere h e w ill ¯ n d a ca lcu lation

th at ex p licitly com p u tes th e size of U .) E very w ord in
U rep resen ts a n ev en t, a n d th e u n ion o f a ll ev en ts in U
d en otes th e certa in even t, sin ce w e d e¯ n ed U to b e th e
set of all valid w ord s. T h u s, th e su m of p rob a b ilities of
all th ese ev en ts is on e.X

u2T
P f u g +

X
u2F

P f u g = 1

H ow ev er, n ote th at every w o rd u 2 F ca n b e w ritten
as ¡ (t) for som e w o rd t 2 T , an d sin ce th e m a p p in g is
b ijectiv e, w e h av eX

u2T
P f u g =

X
u2F

P f u g

an d it fo llow s th at X
u 2T

P fu g = 1= 2

an d th is su m rep resen ts th e u n io n o f all even ts in T , i.e.,
th e even t th at th e last p assen ger ¯ n d s h is seat.

It fo llow s, th erefo re, th a t th e ch an ces of th e 10 0th p a s-
sen ger ¯ n d in g h is seat is ex actly eq u al to th e ch an ces of
gettin g a h ead w h en a fair co in is tossed , i.e., th e ch an ces

are a ctu a lly even !

3 .2 A C o u p le o f Q u ic k R e m a rk s

T w o coro llaries fo llow im m ed ia tely fro m th e resu lt ab ove.
F irst, th a t th e p rob ab ility o f th e last p a ssen ger ¯ n d in g
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h is ow n sea t is in d ep en d en t of th e cap a city o f th e p la n e.

T h e gen era lizatio n of th e arg u m en t in S ection 3.1 to a
p lan e w ith n sea ts in stea d o f h u n d red is fairly straigh t-
forw ard , an d th e read er w h o lo ok ed a t th e A p p en d ix
sh o u ld b e a b le to see th at th e n u m b er o f com b in a tio n s
for w h ich th e last p assen g er ¯ n d s h is seat is 2 n ¡2 a n d
th e rem ain in g com b in a tio n s also am ou n t to 2 n ¡ 2 . T h e
resu lt, th erefo re, h old s for p lan es b u ilt fo r a cou p le a s
w ell a s im ag in a ry p lan es (of ¯ n ite size) as b ig as th e
u n iverse.

T h e seco n d corollary m o d ī es assu m p tion (1 ) o f S ection
1 a little. W e co n sid er th e case w h ere th e p a ssen g er w h o
h as lo st h is b o ard in g p a ss doesn't en ter ¯ rst. S o w e co n -
sid er th e ca se w h ere p k (k 6= 10 0 fo r ob v io u s reaso n s) is
th e p assen g er w h o h as lost h is p ass, an d th erefo re w ill
b e th e ¯ rst p erson to sea t h im self at ran d o m . In th is
situ ation , o b v iou sly, th e ¯ rst k p assen g ers w ill o ccu p y
th eir ow n seats w ith p rob ab ility 1. T h erefo re w e m ay a s
w ell b e lo ok in g at a n ew , sm aller p la n e th at h a s n ¡ k
seats w h o se ¯ rst p a ssen ger h as to seat h im self at ra n -

d om . G iv en th a t th is situ a tion is eq u ivalen t to h av in g
th e fo rgetfu l p assen ger b ein g p k in th e con tex t o f a p lan e
w ith n seats, th e p rob lem is n ow triv ial { w e are n ow
b ack to o u r origin al p ro b lem , ex cep t th a t w e are d ealin g
w ith n ¡ k sea ts in stead of n . A n d sin ce w e h ave a lread y
seen th at th is leaves o u r origin al resu lt u n ch a n ged , w e
n ow h ave th e follow in g :

C on clusion 3.1

T h e ch an ces of th e last p assen g er ¯ n d in g h is ow n seat
rem a in s on e-h alf, irresp ective of w h en th e p a ssen ger w h o
h as m isp la ced h is b oa rd in g p ass en ters, i.e., th e p rob a -
b ility is in d ep en d en t o f th e tim in g of th e ¯ rst ra n d om

ch o ice.

4 . O n e S te p F u rth e r { a G e n e ra liz a tio n

A t th is stag e, it is p erh ap s n atu ral to ask h ow th e ch a n ces

The chances of the
last passenger
finding his own seat
remains one-half,
irrespective of when
the passenger who
has misplaced his
boarding pass
enters, i.e., the
probability is
independent of the
timing of the first
random choice.
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of o u r last p a ssen ger ch an g e, if th e n u m b er of p eo p le w h o

have to seat th em selves at ra n d om in creases fro m on e to
tw o o r som e oth er arb itrary n u m b er less th an h u n d red ,
or, fo r th at m a tter, less th an n (n ow th at w e k n ow th at
th ere is n oth in g p a rticu larly d iv in e a b o u t th e n u m b er
h u n d red , w e w ill u se a p lan e of ca p acity n h en cefo rth ).

S u p p ose th at th e ¯ rst k p assen g ers h ave m isp la ced th eir
tickets. (If th is sou n d s to o u n real, th en assu m e k a r-
b itrary p assen g ers h ave lo st th eir tickets an d th en th e
airlin e m an a gem en t asked th em to go in ¯ rst fo r th eir {
an d ou r { con v ien en ce.) W e w ill ¯ n d th a t th e solu tion

to th is p ro b lem is on ly a n atu ral gen era liza tio n of th e
so lu tion to th e p ro b lem co n cern in g th e sin gle p a ssen ger
w h o lo st h is p ass.

W e u se th e sam e n ota tio n a s w e d id earlier, n am ely, th at
an y n -letter w ord fo rm ed u sin g th e a lp h ab et p i, i 2 I
(w h ere I is an in d ex set of size n ) d en otes a p o ssib le
seatin g arran g em en t. N o letter m ay b e rep ea ted for o b -
v io u s reaso n s. If th e letter p i is th e jth letter of th e
w ord , th en it is to b e u n d ersto o d th at p i is o ccu p y in g

th e jth p a ssen ger's seat.

A gain , let U d en ote th e set of a ll w o rd s w h ich rep resen t
valid com b in atio n s, i.e., co m b in ation s th a t can b e o b -

tain ed w ith ou t b reak in g a n y o f th e co n d ition s ou tlin ed
in S ectio n 1. N ow , let T d en ote th e set o f a ll w ord s in U
w h o se co n clu d in g alp h a b et is p n . In o th er w ord s, w e are
collectin g all co m b in ation s in w h ich th e last m a n d o es
¯ n d h is seat a n d callin g th e co llection T . W e a lso o b -

serve th at w h en th e last m an is n ot o ccu p y in g h is ow n
seat, h e is o ccu p y in g on e of th e ¯ rst k seats. T h is h a s
in tu itiv e ap p eal, sin ce if th is w ere n o t th e case, w e im m e-
d iately con trad ict ax iom 4, ju st a s w e d id in th e sim p ler
version o f th e p rob lem . T h is m otivates th e d e¯ n ito n of

k o th er su b sets of U a s fo llow s: in th e su b set F i, co llect
all w ord s in U th at h ave p n fo r th e ith alp h ab et.

W e d e¯ n e k m ap p in g s ¡ i : T ! F i a s follow s: for ev ery
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w ord t 2 T , let ¡ i(t) b e th e w ord ob ta in ed b y in ter-

ch a n gin g th e p osition s of th e ith letter w ith th e last.
T h e w ord th u s ob tain ed is clearly a n elem en t o f F i, a n d
fu rth er, ev ery elem en t o f F i m ay b e d e¯ n ed as ¡ i(t) for
so m e t 2 T . T o p rove th is, a ga in , su p p o se th is w ere n ot
th e ca se. T h en th ere w ou ld ex ist at least on e f 2 F i
w h ich is n o t ¡ i(t) fo r a n y t 2 T . H ow ever, con sid er th e
w ord ob tain ed w h en th e ith an d n th letters o f f a re in -
terch an g ed . T h is h a s to b e an elem en t in T sin ce T is
th e collection of all valid w o rd s fo r w h ich th e n th let-
ter is p n . (R ecall th at all elem en ts of f a re w ord s for

w h ich th e ith letter is p n , b y d e¯ n ition .) T h u s w e h ave
fou n d a n elem en t t in T so th a t ¡ i(t) is f , co n tra d ictin g
ou r assu m p tion th at th is w as n ot p ossib le. T h is im p lies
th at ¡ i d escrib es a o n e-on e corresp on d en ce b etw een T
an d F i, an d it fo llow s th at b oth sets m u st h ave th e sa m e

card in ality. S in ce th is is tru e for ev ery i 2 f 1;2;:::k g ,
it im p lies th a t all th e F i's a re also of eq u al size.

T h e q u estio n of w h eth er a n y o f th e ¡ is w ill actu ally
p ro d u ce a va lid m ap p in g also arises, a n d m ay b e d ea lt

w ith as follow s:

N ote th at th e w ord ¡ i(t) is a va lid sea tin g a rran gem en t if
w e ca n b e assu red th a t th e p a ssen ger w h o w as a t p i's seat

in th e w o rd t w a s som eon e w h o sat at ran d o m . If th is is
tru e, th en h e cou ld h ave ch o sen th e n th p assen g ers' seat
in stea d of th e ith p a ssen gers', sin ce th a t is gu a ran teed
to b e em p ty (rem em b er th at t is in T , w h ere th e n th
p assen ger alw ay s ¯ n d s h is seat, a n d th erefore h is seat is

alw ay s em p ty w h en a p assen ger b efo re h im en ters th e
p lan e). S u b seq u en tly, ev ery on e else seats th em selv es a s
th ey w ou ld h ave d on e in t (n o on e w ou ld b e a® ected b y
p i's ch an g e o f m in d , sin ce in t, n o o n e w o u ld h ave taken
th e n th seat an y w ay ), an d ¯ n ally th e n th p assen g er gets

p i's sea t w h ich is n ecessa rily th e on ly on e left. N ote th at
th is is ex actly th e d escrip tion of ¡ i(t).

S o w e on ly n eed to ob serve th at th e p a ssen ger w h o w a s
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at p i's seat in th e w o rd t w as som eon e w h o sat at ra n -

d om . B u t th is is tru e b ecau se if th is p a ssen ger is n o t p i
h im self, th en h e's o u t o f h is ow n seat, an d is th erefore
sittin g at ran d o m . If th e p a ssen g er is p i, alth ou g h h e is
so m eon e w h o is o ccu p y in g h is d esign a ted seat, ob serve
th at th is is p u rely a h ap p y accid en t { sin ce i is less th an

k , p i d o esn 't h ave a b o ard in g p a ss a n d h a p p en s to b e
(in th is case) m ak in g a correct b u t ran d o m ch o ice.

A gain , fo r every w ord u in U , w e m ay asso ciate w ith

it a n u m b er P f u g , w h ich d en otes th e p ro b ab ility o f th e
o ccu ren ce o f u . F or a given u , let R u d en ote th e o rd ered
set o f a ll p assen g ers w h o sea t th em selves at ran d o m .
T h en th e p ro b ab ility P f u g is given b y :Y

i2R u

1

(n ¡ i + 1 ):

H ow ev er, ag ain , w e a re n ot in terested in th e sp ecī c val-

u es of P f u g . In stead , con sid er an a rb itra ry b u t ¯ x ed
w ord t 2 T . L et u s co m p a re th e p ro b ab ilities o f t a n d
¡ i(t) for a n arb itra ry b u t ¯ x ed i. T h e claim h ere is a n al-
og ou s to L em m a 3 :1 , an d w e h av e, p red icta b ly :

L em m a 4 .1 P f tg = P f ¡ i(t)g

P roof. A g ain , w e o n ly n eed to sh ow th a t th e set of
p eop le w h o sea t th em selves at ran d om in t an d ¡ i(t),
for an y ¯ x ed b u t arb itrary i, a re th e sam e. E q u ivalen tly,
w e w o u ld like to b e su re th at p eo p le w h o h av en 't lo st
th eir b oa rd in g p a ss an d h ave fou n d th eir sea ts em p ty

in t, con tin u e to ¯ n d th em in ¡ i(t). N o te th a t th e o n ly
p assen gers in v olved in th e ex ch a n ge are th e p a ssen gers
w h o h a p p en to b e o ccu p y in g p i's sea t in t (call h im p r ),
an d th e h u n d ered th . T h e n th p assen g er w alk s in last,
so h e can n ot a® ect a n y ch o ices b efore h im . p r o ccu p ies

th e n th p a ssen gers' sea t in stead of p i's, a n d w e ob serve
th at n o ch oice for a w ord in T can in volve th is seat. S o
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The probability that
the last passenger
finds his seat when
the first k
passengers seat
themselves at
random is 1/(k+1).

th e o n ly p erso n rob b ed of h is seat is th e la st p assen g er,

w h o d o es n o t m ak e a ch oice a n y w ay. T h is con clu d es th e
p ro of. ¤

N ow , su p p ose th e ca rd in ality o f U is (k + 1)h . (T h e ca r-

d in ality is a m u ltip le of (k + 1) sin ce, b y d e¯ n in g su b sets
T an d F i;i = 1 ;2 ;::: ;k , w e e® ectively p artition ed U
in to (k + 1) d isjoin t su b sets of eq u al sizes). E very w ord
in U rep resen ts an even t, an d th e u n ion o f all even ts in
U d en otes th e certa in even t, sin ce w e d e¯ n ed U to b e

th e set o f all va lid w ord s. T h u s th e su m o f p rob ab ilities
of all th ese even ts is o n e.X

u2T
P f u g +

kX
j= 1

X
u2F j

P f u g = 1:

H ow ev er, n ote th at every w o rd u 2 F ca n b e w ritten

as ¡ i(t) for a n y i an d som e w o rd t 2 T ; a n d sin ce th e
m ap p in g is b ijective, w e h aveX

u 2T
P f u g =

X
u2F i

P f u g ;

for a n y i { a n d it follow s th at:X
u2T

P f u g = 1 = (k + 1)

an d th is su m rep resen ts th e u n io n o f all even ts in T , i.e.,
th e even t th at th e last p assen ger ¯ n d s h is seat.

T h u s w e h av e actu ally p roved th e follow in g :

T H E O R E M 4 .1 T he probability that the last passen ger
¯ n ds his seat w hen the ¯ rst k passen gers seat them selves
at ran dom is 1 = (k + 1 ).

N ow let u s ex p lore a n oth er p ossib ility, th at of gettin g
a co m p u ter d o th e w ork . T ry in g to get y ou r co m p u ter

to o u tp u t on e specī c valid seatin g arran gem en t is n ot
very d i± cu lt.
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2 [n] = {1, 2, ... , n}
3 This is done in the order   that
the passengers arrive, so for the
purposes of the present   discus-
sion we agree that passenger pi
arrives at time i.

4 Here we assume, without loss
of  generality, that Π(x) gener-
ates a random number between
0 and x–1, instead of generating
one between 1 and x.

A p articu lar sea tin g arran g em en t m ay b e v iew ed as a

p erm u ta tio n of th e set [n ] 2 . T h e a lg orith m w ill a ttem p t
to a ssign p eop le to seats3 , eith er at ra n d om or oth erw ise,
d ep en d in g o n w h eth er th e seat d esign a ted to th e p a ssen -
ger in q u estion is em p ty or n ot. T o b eg in w ith , n o a s-
sign m en ts are m a d e, a n d th e ¯ rst a ssign m en t is m ad e at

ran d om w ith ea ch seat h av in g a n eq u a l ch an ce of b ein g
assig n ed to p 1 . A t an y g iv en p oin t of tim e, th e algo -
rith m k eep s tra ck of a ll th e sea ts w h ich a re ¯ lled . T h is
in clu d es (reca ll from O b servation 3 :1 ) seats b etw een 2
an d i¡ 1. It also eith er in clu d es th e seat b elon g in g to p i,
or it d o es n ot { in ca se it is th e latter, th e algo rith m sim -
p ly asso cia tes p i w ith h is rig h tfu l seat, a n d if n ot, th en
a ran d om a ssign m en t is m ad e. A lso n ote th a t if, a t a n y
p o in t of tim e, a ra n d om assign m en t in v olves p a ssen ger
p i b ein g giv en p 1 's sea t, th en th e alg orith m term in ates

after g iv in g all p assen gers p j;j > i th eir ow n sea ts.

1. L et x ;i;j;r;k ;A [n ] b e lo ca l va ria b les.

2. In itialize x to 0 an d all elem en ts of A [i] to ¡ 1 .
3. G et va lu es o f n ;k from th e u ser.

4. R ep eat step s 5 ¡ 8 w h ile x < n .
5. If f x = 0g , th en :

(a ) S to re ¦ (n ) in r . 4

(b ) A [r ] = x

6. E lse if f(A [x ] = ¡ 1 )T x > k g , th en :
A [x ]= x ;(s x , p x )

7. E lse:

(a ) r = ¦ (n ¡ x )
(b ) j = 0

(c) fo rf i = 0;i < n ;i = i + 1g
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² iff (A [i] = ¡ 1 )T(j < = r)g j= j+ 1 .
² else iff j = rg , th en sk ip lo op a n d g o to
(d ).

² else retu rn to lo op (c).
(d ) A [i] = x

8. x = x + 1

9. In crem en t a ll array elem en ts an d array in d ices b y
on e, an d p rin t b oth sets of va lu es.

In th e algorith m a b ov e, th e con ten ts o f th e array A co r-
resp o n d to variou s p i's, i.e., th e ith elem en t of A corre-

sp on d s to th e p erson o ccu p y in g s i, th e ith p assen g er's
seat. S tep 6 o f th e a lg orith m co rresp on d s to th e situ -
ation w h ere p x w a lk s in to ¯ n d s x u n o ccu p ied . In th e
¯ rst case u n d er th e lo op 7 (c), A [i] = ¡ 1 in d ica tes an
em p ty seat, an d sin ce w e are lo ok in g for th e ¦ (n ¡ x ) th
em p ty sea t, w e in crem en t j on ly a s lo n g as both con d i-
tio n s h old . In th e secon d ca se, th e rth em p ty seat h a s
b een fou n d , so w e term in ate th e sea rch th ere. T h e rest
of th e alg orith m is self-ex p la n ato ry.

T h is a lgo rith m is go in g to g iv e u s on e am o n g th e p o ssib le
T k co m b in ation s corresp o n d in g to (n ;k ). W e m ake a
cou p le of rem ark s b efore w e con clu d e th e d iscu ssion of
sim u latin g th e p ro b lem on a com p u ter:

R em ark 4.1 T h e a lg orith m ab ove can b e m o d ī ed so th at
in stea d of g en eratin g ra n d om n u m b ers u sin g a n in -b u ilt
lib ra ry fu n ctio n , th e u ser can en ter a sea t n u m b er o f h is
ch o ice. W e o m it th e d etails sin ce th e m o d ī ca tio n is

triv ial. D o n o t fo rget to accou n t for th e u ser en terin g ,
in ad verten tly or o th erw ise, a n u m b er th a t d o es n ot lie
in th e valid ran g e!

R em ark 4.2 R u n n in g th e algorith m rep ea ted ly m ay n ot
give an a ccu ra te a p p rox im ation of th e ratio th a t w a s
p rop osed in th e con jectu re. T h ese statistics sh o u ld n ot
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b e u sed for d raw in g con clu sion s b eca u se th ey d ep en d on

h ow ¦ (x ) is d esig n ed , an d m ay n ot alw ay s lead to th e
p rop osed p rob ab ility.

5 . A D i® e re n t S e a t G a m e

W e p o se on e la st set of q u estion s o n th e scen ario of th e
¯ rst k p assen gers losin g th eir b oard in g p asses:

1. W h a t are th e ch an ces o f th e last k p assen gers ¯ n d -
in g th eir ow n sea ts if k < bn = 2c?

2. W h a t are th e ch a n ces of th e la st n ¡ k p a ssen gers
¯ n d in g th eir ow n seats if k > bn = 2 c?

T h e secon d q u estion is m u ch less ex citin g th a n it m igh t

lo o k . T h e k p assen g ers ca n leave n ¡ k em p ty seats in
( n
n ¡ k ) w ay s. P recisely on e of th ese co m b in ation s, f k +
1;k + 2 ;::: ;n g , w ill give u s th e req u ired situ ation , v iz.,
th e last (n ¡ k ) p a ssen gers o ccu p y in g th eir ow n seats.
T h u s th e req u ired p rob ab ility is g iv en b y 1 = ( n

n ¡ k ), w h ich
am ou n ts to:

k !=

0Y
i= k¡ 1

(n + i):

T h e ¯ rst q u estion , h ow ever, is n ot so straigh tforw ard .

T h is is b ecau se w h en k < bn = 2c, th ere w ill b e a few
p assen gers w h o com e after th e ¯ rst k a n d b efore th e
last n ¡ k . In th e secon d q u estion , th e set of th ese
p assen gers is a n u ll set, w h ich sim p lī es m atters a great
d eal. N ow , th is n o n -em p ty set w ill crea te a ch a os of n ew
com b in ation s, a ll o f w h ich n eed to b e acco u n ted for to

get to th e correct a n sw er. O n e m o re tim e, th e rea d er is
w elcom e to g iv e th e p rob lem a try.

A lso , w h at if th e k p a ssen gers w h o lo st th eir b o ard in g

p asses refu se to lin e u p , so th at, in stead o f th e ¯ rst k
passen gers, w e are d ea lin g w ith k arb itrary p a ssen gers
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h av in g lost th eir p a sses? W ou ld th e last p assen g er's

ch a n ces b e a ® ected ? H ow w ou ld th e algo rith m ch an g e?

It is n ow ¯ n a lly tim e to say g o o d b ye to th e frien d ly
n eig h b orh o o d airp o rt, an d th e n o toriou s p lan e. T h e

p rob lem of th e m isp laced b oard in g p asses ca n b e ex -
ten d ed a great d eal, as in d icated ab ove. W e m ay also
w on d er:

1. W h a t is th e p ro b ab ility th a t, ¯ ve m in u tes a fter
tak eo ® , th e la st p assen g er d iscovers h e's b o ard ed
th e w ron g p lan e?

2. W h a t is th e p ro b ab ility th at th e p la n e w ill ru n ou t

of fu el m id -a ir?

3. W h ere d id all th e b oa rd in g p a sses g o?

W e leave th e a n sw ers to th e read er's im ag in a tio n . M ay
yo u b e b lessed w ith m an y a m n esiac co-p assen g ers.

6 . A ck n o w le d g e m e n ts

T h e a u th or w ou ld like to th a n k P rof. A d a m K oran y i for
in tro d u cin g h er to th is p rob lem , K arth ik C fo r h is care-
fu l read in g of th e d raft, a n d S aket S au rab h for th e p ro of
of L em m a 3 .1 an d h is ex ten siv e h elp in form u latin g th e
p ro ofs. T h e au th o r is a lso gra tefu l to th e referee fo r a

very d etailed an d ca refu l rev iew o f th e a rticle, a n d vari-
ou s co m m en ts th a t th e au th o r fou n d im m en sely h elp fu l.



CLASSROOM

678 RESONANCE ⎜ July  2008

A p p e n d ix

In th is ap p en d ix , w e g et d ow n to p en an d p a p er m o d e to ca lcu la te th e n u m b er
of p ossib le seatin g a rran g em en ts in a 1 00-seater p la n e, i.e., th e case of n = 1 00
an d k = 1 .

W e b egin b y in tro d u cin g som e n otation . L et s i refer to seat n u m b er i, a n d ,
alon g th e sam e lin es, let p j refer to th e jth p a ssen ger. A lso, let N (s i;p j) d en ote
th e n u m b er o f p ossib le arra n gem en ts allow ed b y th e ax iom s fo r a ¯ x ed i-j p a ir,
of cou rse, i 2 f 1 ;2;3;::: ;100 g an d , j 2 f 1;2;3 ;::: ;1 00g . T h is corresp on d s
to th e n u m b er o f w ay s in w h ich th e 'rem a in in g n on -j' p assen gers can ch o o se

seats fo r th em selves given th a t p j h as o ccu p ied s i. It is im p ortan t to see th a t
evalu atin g th is ex p ression m ay n ot alw ay s b e a straigh tforw ard ex ercise. F o r
in stan ce, N (s 1 ;p 1 ) is clearly 1, b u t it is n ot so ea sy to d eterm in e N (s 6 6 ;p 2 ).

O u r aim w ill b e to m ake clever selection s o f p airs of n u m b ers, (i;j) so th at w e
accom p lish tw o th in gs at th e sa m e tim e - ¯ rst, w e accou n t for all possibilities,
an d secon d , w e en su re th a t th e com p u tation of th e seq u en ce o f n u m b ers N (s i;p j )
d o es n ot get to o in volved .

W e h ave, triv ia lly, N (s 1 ;p 1 ) = 1 an d N (s 2 ;p 1 ) = 1. A lso, th e rea d er sh ou ld b e
ab le to verify th a t w e ex h a u st a ll p ossib le sea tin g a rra n gem en ts w h en w e con sid er
n n

N (s 1 ;p i);i 2 f 1 ;2 ;::: ;1 00 :g
an d it fo llow s th at th e to tal n u m b er o f seatin g arran g em en ts is given b y :

1 0 0X
i= 1

N (s 1 ;p i):

T o eva lu a te N (s 1 ;p 3 ), w e n eed to o b serve th at p 3 w ill o ccu p y s 1 , i.e., a sea t
oth er th an h is ow n i® s 3 , h is ow n seat, is o ccu p ied . D u e to a ssu m p tio n (1) in
S ection 1 , w e see th at on ly tw o p eo p le can o ccu p y s 3 , n am ely p 1 an d p 2 . A gain ,

p 2 w ill o ccu p y s 3 , a seat o th er th an h is ow n , i® s 2 is o ccu p ied , an d th is can
on ly corresp o n d to (s 2 ;p 1 ). T h u s, N (s 1 ;p 3 ) is

P 2
i= 1 N (s 1 ;p i) = 2. S im ilarly, fo r

evalu atin g N (s 1 ;p 4 ), w e ob serve th at p 4 w ill ch o o se to o ccu p y s 1 i® h e ¯ n d s his
seat o ccu p ied , an d on ly th ree p eop le cou ld h ave b een th e req u ired o ccu p a n t. T h u s
w e w ill n eed to ¯ n d th e n u m b er o f w ay s in w h ich p 3 can ¯ n d h is sea t o ccu p ied ,

an d th is w ill corresp on d to p 3 o ccu p y in g s 4 ; th e n u m b er o f w ay s in w h ich p 2 can
¯ n d h is sea t o ccu p ied , an d th is w ill co rresp o n d to p 2 o ccu p y in g s 4 ; a n d ¯ n ally, th e
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n u m b er o f w ay s in w h ich p 1 can ¯ n d h is sea t o ccu p ied , a n d th is w ill co rresp on d

to p 1 o ccu p y in g s 4 . T h e to tal n u m b er th erefo re am ou n ts to 1 + 1 + 2 = 4. In
gen eral, as th e read er m ay h av e d ed u ced b y n ow , w e h ave:

N (s 1 ;p k ) =

k¡1X
i= 1

N (s 1 ;p i):

T h is d e¯ n itio n is recu rsiv e. In th e fo llow in g ca lcu la tio n , w e rep eated ly u se th e
resu lt:

1 +

kX
i= 0

2 i = 2 i+ 1 :

O b serve th a t:

N (s 1 ;p 1 ) = 1

N (s 1 ;p 2 ) = 1 = 2 0

N (s 1 ;p 3 ) = 1 + 2 0 = 2 1

N (s 1 ;p 4 ) = 1 + 2 0 + 2 1 = 2 2

N (s 1 ;p 5 ) = 1 + 2 0 + 2 1 + 2 2 = 2 3

...

N (s 1 ;p k ) = 1 +
P k¡ 3

i= 0 2
i = 2 k¡2

...

N (s 1 ;p 1 0 0 ) = 1 +
P 1 0 0¡3

i= 0 2 i = 2 1 0 0¡2 = 2 9 8

(1 )

N ow a ll th a t rem ain s to b e seen is w h ich com b in a tion s corresp on d to (s 1 ;p 1 0 0 )
an d w h ich corresp on d to (s 1 0 0 ;p 1 0 0 ), sin ce w e h av e alrea d y seen th at ev ery com b i-

n ation corresp o n d s to o n e of th ese tw o situ ation s. O b serve th a t w h en (s 1 ;p k ) (fo r
k 6= 1 00), th en (s i;p i) fo r i 2 f k + 1;k + 2 ;::: ;1 00 g. T h erefore, N (s 1 ;p i) 8 i 2
f 1;2 ;::: ;99 g w o u ld give th e tota l n u m b er of co m b in ation s su ch th a t (s 1 0 0 ;p 1 0 0 )
an d N (s 1 ;p 1 0 0 ) co rresp on d s to th e case of (s 1 ;p 1 0 0 ). A ctu a l calcu la tion tells u s
th at

9 9X
i= 1

N (s 1 ;p i) = 1 + 2
0 + 2 3 + ¢¢¢ + 2 9 7 = 2 9 8 (1a )

N (s 1 ;p 1 0 0 ) = 2
9 8 (1 b )

T h u s th ere a re 2 9 8 valid com b in a tio n s!


