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Abstract

D-optimal experimental design is a classical statistical problem in which one chooses a collec-

tion of data vectors, from some available large pool, in order to maximize a measure of predictive

quality. In the classical formulation, the only constraint is on the cardinality of the collection,

i.e., the number of vectors chosen. We study a more general budget-constrained variant in which

vectors have heterogeneous costs, and develop four new algorithms (two deterministic, and two

randomized) with approximation guarantees. Our methods handle heterogeneous costs using a

novel exchange rule that interchanges packs of data vectors whose total costs are similar (up

to some controlled amount of rounding error). The algorithms outperform the only existing

method for this problem from both theoretical and empirical standpoints.

1 Introduction

Optimal experimental design is a class of statistical problems in which the data used to �t a re-

gression model (such as ordinary least squares) are not exogenous, but can be chosen in advance.

The goal is to obtain as much information as possible from a limited amount of data. Experimental

design problems arise in the physical sciences (Sansone et al. 2019), engineering (Zhu et al. 2014),

marketing research (Pokhilko et al. 2019), and other areas where data can be collected in a controlled

setting; see Pukelsheim (2006) or Atkinson et al. (2007) for broad overviews of this �eld.

More speci�cally, let v1, ...,vn denote n known vectors in Rd describing the settings of possible ex-

periments; we use the notation {vi}i∈[n] for shorthand, denoting the index set by [n] := {1, 2, . . . , n}.

If the ith vector is selected, we will perform an experiment with settings vi and collect a noisy ob-

servation of the quantity v⊤
i β, where β denotes regression coe�cients. Thus, the vector vi provides

the covariates for a single data point, and the e�ects β can be estimated later from the entire set of

selected experiments. The choice of experimental settings (i.e., the selection of vi) is made before

any experimental outcomes are observed. Experiments may be conducted without repetition or with

repetition, meaning that the same i may be chosen only once or multiple times.

In most practical contexts, experiments cost both time and money, and it is not possible to

implement all n vectors. Instead, we are limited to some set (or multiset, if repetition is allowed)
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S ⊆ [n] of selected experiments. The literature (Madan et al. 2019, Singh & Xie 2020, Nikolov

et al. 2022) generally assumes that experiments have the same cost, that is, the sole constraint is

on the cardinality of S (sample size). In this paper, we study the more general budget-constrained

variant of the problem, in which experiment i has a cost ci ≥ 1, and our selection decisions must

satisfy the knapsack constraint
∑

i∈S ci ≤ B, where B ∈ R+ is a prespeci�ed budget. While budget-

constrained experimental design has received some attention (Horel et al. 2014, Ravi et al. 2016),

existing work on algorithms with provable approximation guarantees is far more limited than for

the cardinality-constrained case.

The experimental design literature has proposed many di�erent objective functions for measuring

the statistical quality of a dataset S. We focus on one of the most enduring and robust design

objectives, namely the D-optimality criterion (de Aguiar et al. 1995). In the setting of ordinary

least squares, D-optimal designs minimize the volume of the con�dence ellipsoid for the regression

parameters β, which is equivalent to maximizing the deterministic objective [det(
∑

i∈S viv
⊤
i )]

1
d .

Thus, we may formally state our problem as

max
S


[
det

(∑
i∈S

viv
⊤
i

)] 1
d

:
∑
i∈S

ci ≤ B, Supp(S) ⊆ [n]

 , (1)

where Supp(S) denotes the support of the (multi-)set S. We assume that there exists at least one

set S̄ with
∣∣S̄∣∣ = d for which

∑
i∈S̄ viv

⊤
i is nonsingular. Problem (1) depends only on the set S

of selected vectors, not on the outcomes of any experiments; thus, we may use the D-optimality

criterion to design the set ahead of time, before any experiments are conducted.

We develop four algorithms for problem (1). Two of them are deterministic, based on a notion of

local search (LS), and denoted by LS-W and LS-WO for �with repetition� and �without repetition,�

respectively. The other two are based on random sampling (SA), and denoted analogously by SA-

W and SA-WO. All four algorithms are polynomial-time. The �rst three (i.e., LS-W, LS-WO, and

SA-W) are parameterized by two positive coprime integers p > q, as their analysis relies on the

key observation that any cost ci can be rounded up to the nearest integer power of the rational

number p
q . The SA-WO algorithm relies on a weighted Cherno� bound and does not require any

parameters. All four algorithms have provable multiplicative �α-approximation guarantees� of the
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Table 1: In this table, 0 < ϵ < 1 is a small constant, m := ⌈log p
q
(cmax)⌉, L is the maximum encoding

length of vi for all i ∈ [n], δ is an improvement measure at each step of local search, and ϵ0 is the
precision of a root-�nding step in RE.

Approximation ratio Threshold for B Time Full proof

LS-W ( q
p

− ϵ) qm cmaxd
ϵ

O(δ−1(Lnd3(d2 + m log(p))B log(B))) Theorem 2

LS-WO ( q
p

− ϵ) qm
cmax(d+m+1)

ϵ
O(δ−1(Lnd3(d2 + m log(p)) log(B))) Theorem 4

SA-W 1
e
( q
p

− ϵ) qm cmax
ϵ

O(n5 + n⌊ B
pm

⌋) Theorem 5

SA-WO (1 − ϵ) 4cmaxd
ϵ

+ 12cmax
ϵ2

log( 1
ϵ
) O(n5) Theorem 6

RE
(Lau & Zhou 2022)

(1 − O(ϵ)) 2cmaxd
ϵ

(ϵ < 1
200

) O(n5 + ϵ−1d2(d3 + nd2 + log2(
√

d−1
ϵ0

))) Theorem 1.4 in
Lau & Zhou (2022)

form [
det

(∑
i∈S

viv
⊤
i

)] 1
d

≥ α

[
det

(∑
i∈S∗

viv
⊤
i

)] 1
d

,

where α is the approximation ratio, S is the dataset returned by the algorithm, and S∗ is the

optimal solution of (1). In all four cases, the approximation ratio is shown to hold when the budget

B is above some explicit threshold. Table 1 summarizes our results for the four algorithms; for

comparison, we also include the randomized exchange (RE) method of Lau & Zhou (2022), which

to date is the only work with an approximation guarantee for budget-constrained D-optimal design.

It is important to note that the RE method is not guaranteed to produce a feasible solution, and

its guarantees hold only with some probability. RE also does not allow repetition.

In addition to the guarantees themselves, our analysis has several novel elements that could be of

independent interest for the further study of nonlinear budget-constrained problems. In cardinality-

constrained optimal design, local search methods (Li et al. 2024) work by interchanging, or swapping,

one vector in S with one vector outside S to iteratively improve the objective. In budget-constrained

optimal design, this approach does not work because the two vectors may have di�erent costs.

To handle this problem, we develop a novel potential function, using the superadditivity of the

determinant, that allows us to interchange packs of vectors with �similar� costs that round to the

same power of p
q . This technique drives the e�ciency of LS-W and LS-WO. For the sampling

algorithm SA-WO, we provide an e�cient deterministic implementation that achieves the same

approximation ratio using conditional expectations. Numerical experiments demonstrate that all

four procedures are computationally e�cient and can work even better in practice than what is

guaranteed by theory.

This paper is organized as follows. Section 2 reviews the related literature. Sections 3-4 study
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LS-W and LS-WO, whereas Sections 5-6 study SA-W and SA-WO. Each of the four algorithms

requires some individual consideration and thus is placed in its own section. Section 7 presents

numerical experiments, and Section 8 concludes.

2 Literature review

The literature on optimal experimental design is quite broad; we refer interested readers to Pukelsheim

(2006) for a thorough discussion of the wide variety of optimality criteria that have been considered.

As a subclass of nonlinear integer programming, optimal design problems can be approached using

mathematical programming techniques. Ahipa³ao§lu (2021) proposed a general branch-and-bound

algorithm that can exactly solve such problems while accommodating several of the most popular

objectives. Sagnol & Harman (2015) focused more speci�cally on D-optimality and used mixed-

integer second-order cone programming. Coey et al. (2023) characterized the log-determinant as a

spectral function on Jordan algebras, allowing the use of conic optimization methods.

There is, by now, a fairly mature literature on approximation algorithms speci�cally for cardinality-

constrained D-optimal design. A pipage rounding algorithm by Bouhtou et al. (2010) achieved a

k
n -approximation, where k is the maximal number of experiments that can be selected. A local

search algorithm by Madan et al. (2019), and a regret minimization approach by Allen-Zhu et

al. (2021), both achieved a (1− ϵ)-approximation. A sampling algorithm by Singh & Xie (2020)

improved the result to a 1/e-approximation in general and a (1− ϵ)-approximation for large k.

However, none of the analytical techniques in these papers can be directly extended to the budget-

constrained problem, as the notion of interchange crucial to these local search methods becomes far

less straightforward. To our knowledge, the only approximation guarantee for budget-constrained

D-optimal design was obtained by Lau & Zhou (2022). The randomized exchange method presented

in this work has a (1− O(ϵ))-approximation; however, the method is not guaranteed to produce a

feasible solution, and does not allow repetition.

A di�erent stream of literature studies the more general problem class of budget-constrained

maximization of submodular functions. For such problems, a modi�ed greedy algorithm by Sviri-

denko (2004) achieved a (1− e−1)-approximation, while a �greedy+max� procedure by Yaroslavtsev

et al. (2020) achieved a (1/2 − ϵ)-approximation. The work by Huang & Kakimura (2021) ex-

tended the problem to a streaming setting and derived a (0.4 − ϵ)-approximation algorithm. The
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log-determinant is submodular, but there are some important nuances that limit the applicability of

this work to our setting. First, the aforementioned papers all assume that the submodular function

is nonnegative, monotone, and de�ned on all possible subsets. This is not the case in our setting,

because the log-determinant can be negative and is not de�ned on singular matrices. Second, the

α-approximations that we prove in this paper are for the function det1/d(·), which is consistent

with existing literature on cardinality-constrained D-optimal design. Therefore, what we prove for

the log-determinant is not a multiplicative approximation, but an additive one. Additive errors are

invariant under scaling of experiments: that is, if each vi is multiplied by a constant C (which one

might do to force the log-determinant to be positive), an additive approximation does not change,

whereas a multiplicative one does. In that respect, our results can be viewed as more robust.

Lastly, we discuss other recent variants of D-optimal design that are not directly related to our

problem, but examine some related challenges. Mahabadi & Vuong (2022) studied group cardinality

constraints as well as laminar matroid constraints. A more general matroid-constrained setting was

considered by Madan et al. (2020) and Brown et al. (2022). Li et al. (2024) added an initial Fisher

information matrix to the cardinality constrained problem, which essentially requires a speci�c

subset of experiments to be included. Along similar lines, Ponte et al. (2023) added lower and

upper bounds on the cardinality. These papers considered both exact branch-and-bound methods

and approximation algorithms based on local search. Wang et al. (2023) combined the D-optimality

criterion with vehicle routing constraints, motivated by a transportation context where data are

collected by a vehicle. This paper proposed an exact approach using row and column generation.

There has also been some work on D-optimal design with continuous decision variables: see, e.g.,

Vandenberghe et al. (1998) and Nikolov (2015). Closely related is the maximum entropy sampling

problem (MESP), where similar exact and approximation methods have successfully been applied

(Ko et al. 1995, Anstreicher 2020, Li & Xie 2023).

3 Local search with repetition (LS-W)

In this section, we introduce and analyze the LS-W algorithm. We begin with some notation that

will be used in this and later sections. LS-W assumes that repetition is allowed, so we let xi

indicate the number of times that the ith experiment is conducted. Then, (1) can be recast as the
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mixed-integer program

max
x

det
∑

i∈[n]

xiviv
⊤
i

 1
d

s.t.
∑
i∈[n]

cixi ≤ B

xi ∈ Z+, ∀i ∈ [n].

(MIP-W)

For any set S, we de�ne c(S) :=
∑

i∈S ci and XS :=
∑

i∈S viv
⊤
i . We also let cmax := maxi∈[n] ci,

and assume without loss of generality that mini∈[n] ci = 1.

Our analysis proceeds in several steps. In Sections 3.1-3.2, we consider a simple case where

each ci is a non-negative power of a = p
q , where p > q are positive coprime integers. For this

setting, Section 3.1 states LS-W and shows its e�cient implementation, while Section 3.2 proves

the approximation guarantee by constructing a dual feasible solution based on the local optimality

condition. Finally, in Section 3.3, we extend the result to general costs by rounding the costs c up

to the closest powers of a.

Some additional notation will be useful. In Sections 3.1-3.2, we let Sr := {i ∈ S : ci = ar} for

any positive integer r. Our analysis of local optimality will use the quantities τij := v⊤
i X

−1
S vj and

τi := v⊤
i X

−1
S vi, applied to sets S for which X−1

S exists.

3.1 Local search algorithm

In cardinality-constrained D-optimal design (e.g., Madan et al. 2019), local search algorithms rely

on simple interchanging rules: given a set S, we swap out some �selected� experiment i ∈ S for some

�unselected� experiment j /∈ S if doing so improves the objective function. This strategy cannot be

directly applied when the costs are heterogeneous. For example, if i ∈ S has a high cost, we may

be able to achieve an improvement by removing it, but only if multiple j /∈ S with small costs are

added. We develop a new notion of interchange that swaps, not two experiments, but two packs

of experiments. For now, we consider a special case of the problem where all the experiments in

each pack have the same cost, and the total costs of the two packs are also the same, thus ensuring

that the interchange does not violate the budget constraint. Later, in Section 3.3, we will relax this

requirement so that the costs can be �similar� without being identical.

The concept of interchanging packs presents a computational challenge, because the search space
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of packs of experiments is much larger than that of individual experiments. We use the �strong

superadditivity� property of the determinant to design a novel potential function that allows us

to identify packs to interchange in a computationally e�cient manner. Any interchange with a

positive potential value guarantees an improvement in the objective function. On the other hand,

nonpositive potential values provide a reasonable worst-case bound for the local search algorithm.

The full statement of LS-W is given in Algorithm 1. We begin with a detailed description of

�ve aspects: 1) problem setting, 2) interchange rules, 3) initialization, 4) potential function, and 5)

stopping criteria.

Problem setting. For now, we assume that {ci}i∈[n] ⊆ {1, a, ..., am}, where a = p
q . Let M = {k :

|{i ∈ [n] : ci = ak}| ≠ 0} ⊆ {0, 1, ...,m} be the set of all possible exponents of the cost components.

Without loss of generality, we assume that 0,m ∈ M (otherwise, we can either reduce m or rescale

the costs and budget). Therefore, we have cmax := am. We also assume that the budget satis�es

B ≥ pmd, which, together with the fact that cmax ≤ pm, ensures that every set of d experiments is

feasible.

Interchange rules. Our theoretical results are proved for an �ordinary search� that identi�es a

promising interchange. We have also developed an alternate �subtle search� (line 19 in Algorithm 1)

that performs better in practical implementation, but does not improve the theoretical guarantee.

For this reason, the presentation of subtle search is relegated to Appendix A, and we focus on

ordinary search in this discussion.

Ordinary search performs an interchange of two packs, of which one contains a number pm−rqr

of experiments with the same cost ar, and the other contains pm−ℓqℓ experiments with cost aℓ.

Thus, both packs have total cost pm. In each interchange, the experiments to be removed from S

can be di�erent, but the unselected experiments to be added into S must all be copies of the same

experiment. In order to execute this procedure, S has to contain pm−rqr experiments of cost ar for

some r, so it is necessary to �nd an initial feasible S satisfying this condition. However, once we do

so, this property will persist throughout the ordinary search procedure.

Initialization. We begin by �nding a set Ŝ of d distinct experiments for which XŜ is nonsingular.

This can easily be done by taking the set of all experiments, and removing them one by one while

maintaining nonsingularity; by assumption, it is always possible to do this.

Next, since the d experiments in Ŝ may not use up the entire budget, we augment them to ensure
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that ordinary search can proceed. Since repetition is allowed, we may include pm−rqr−1 additional

copies of any i ∈ Ŝ that has cost ar. Then, for any r ∈ M , the total number of experiments with

cost ar is either zero or pm−rqr. Letting I0 denote the multi-set containing the indices of these

experiments, we observe that the total cost of I0 is c(I0) = pmd. If the budget permits, we may

incorporate additional sets of experiments with total cost pm.

When terminated, this procedure will return an initial design set I0 satisfying the following

conditions: 1) the matrix XI0 is nonsingular; 2) the total cost satis�es ⌊ B
pm ⌋pm ≤ c(I0) ≤ B; and

3) |{i ∈ I0 : ci = ci0}| ≥
pm

ci0
for each i ∈ I0. The �rst two conditions ensure that the initial set has

a well-de�ned objective and its total cost is close to the budget. The third condition guarantees

that ordinary search can be performed properly. It is worth mentioning that our approximation

guarantees will hold for any other initialization strategy that satis�es these three conditions.

Potential function. The naive way to �nd the best interchange is to search over all possible sets

of pm−rqr experiments, for all r ∈ M , both inside and outside the incumbent set. Unfortunately,

the number of possible subsets may be exponential. To expedite the process, we de�ne the potential

of two multisets I and J as

f (J, I) =
∑
j∈J

τj −
∑
i∈I

τi −
∑
j∈J

τj
∑
i∈I

τi +
∑
j∈J

∑
i∈I

τ2ij , (2)

based on the strong superadditivity property of the determinant (Tie et al. 2011). We let Ir and

Jℓ denote the indices involved in a possible interchange of selected experiments with cost ar and

unselected experiments of cost aℓ. If maxr,ℓ f(Jℓ, Ir) > 0, we make the interchange that achieves

the argmax.

It turns out that maximizing f (Jℓ, Ir) over r, ℓ is much more e�cient than searching over all

possible subsets, and, in fact, can be done in polynomial time. This will be proved further down

in Proposition 2. In brief, however, this maximization is not equivalent to exhaustive search: while

any interchange satisfying f (Jℓ, Ir) > 0 will improve the objective function, the converse is not

always true. However, restricting ourselves to interchanges with f (Jℓ, Ir) > 0 is su�cient for our

theoretical guarantees.

Stopping criteria. The ordinary search terminates when f(Jℓ, Ir) ≤ 0 for all r, ℓ ∈ M . When this

occurs, we arrive at line 18 in Algorithm 1, at which point the solution is considered to be locally
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Algorithm 1 Local search algorithm for D-optimal design with repetition with costs ai

1: Input: B ≥ pmd. Let I0 be any multi-subset of [n] such that XI0 =
∑

i∈I0 viv
⊤
i is non-singular,

c(I0) ≥ ⌊ B
pm ⌋pm and |{i ∈ I0 : ci = ci0}| ≥

pm

ci0
for each i0 ∈ I0. S̃ = I0. XS̃ =

∑
i∈I0 viv

⊤
i .

Compute Λ := X−1
S̃

, τij := v⊤
i Λvj for all i ∈ S̃, j ∈ [n], and τj := v⊤

j Λvj for all j ∈ [n].
2: for r, ℓ ∈ M do

3: S̃r = {i ∈ S̃ : ci = ar}
4: if S̃r ̸= ∅ then
5: Jℓ, Ir = argmax

J,I
{f(J, I) : |I| = pm−rqr, I ⊆ S̃r, cj = aℓ, J = { j, · · · , j︸ ︷︷ ︸

pm−ℓqℓ copies

}}.

6: end if

7: end for.
8: r0, ℓ0 = argmaxr,ℓ f(Jℓ, Ir).
9: if f(Jℓ0 , Ir0) > 0 then

10: Add the multi-set Jℓ0 to S̃ and delete the multi-set Ir0 from S̃.
11: XS̃ = XS̃ +

∑
j∈Jℓ0

vjv
⊤
j −

∑
i∈Ir0

viv
⊤
i .

12: Λ = Λ−
∑

j∈Jℓ0
Λvjv

⊤
j Λ

1+
∑

j∈Jℓ0
τj

13: for i ∈ Ir0 do

14: Λ = Λ+
Λviv

⊤
i Λ

1−v⊤
i Λvi

15: end for

16: Update τij = v⊤
i Λvj for all i ∈ S̃, j ∈ [n], and τj = v⊤

j Λvj for all j ∈ [n].
17: Return to line 2.
18: end if.
19: S̃,XS̃ = SubtleSearchW (S̃,XS̃ ,Λ). ▷ An optional step to improve the objective.

20: return S̃,XS̃ .

optimal. This is the solution for which we prove the approximation guarantee.

We now study the properties of Algorithm 1. Our �rst task is to show that it will terminate in

a �nite number of iterations. We state two technical lemmas, established in prior work, that are

key to this result; since our approach heavily relies on the superadditivity of the determinant, it is

worth stating this property for the reader's reference. We then state the result itself (Proposition

1), deferring the proof to the Appendix due to space considerations.

Lemma 1 (Strong superadditivity; Lemma 2.2 in Tie et al. 2011). For any A,B,C ⪰ 0,

det (A+B +C) + det (C) ≥ det (A+C) + det (B +C) .

Lemma 2 (Lemmas 8 and 10 in Madan et al. 2019). Suppose XS =
∑

i∈S viv
⊤
i is an invertible

matrix, τi := v⊤
i X

−1
S vi, and τij := v⊤

i X
−1
S vj . Then:
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(i) For any j ∈ [n],

det
(
XS + vjv

⊤
j

)
= det (XS) (1 + τj) .

(ii) For any i ∈ S,

det
(
XS − viv

⊤
i

)
= det (XS) (1− τi) .

(iii) For any i ∈ S, j ∈ [n],

det
(
XS + vjv

⊤
j − viv

⊤
i

)
= det (XS)

(
1 + τj − τi − τjτi + τ2ij

)
.

(iv) The following identity must hold: ∑
i∈S

τi = d.

(v) For any j ∈ [n], ∑
i∈S

τ2ij = τj .

Proposition 1. In each iteration of Algorithm 1, the following statements hold:

(i) the determinant det(XS̃) is monotonically strictly increasing from the previous iteration;

(ii) the inverse X−1
S̃

is always well-de�ned;

(iii) the algorithm always terminates in a �nite number of iterations.

As mentioned previously, it is possible to have a feasible interchange that improves the objective

value det(XS̃), yet has negative potential. Essentially, the condition f(Jℓ, Ir) > 0 is stronger than

simply ensuring a positive increment of the determinant. In the following example, we present one

instance where this occurs.

Example 1. Consider a set of 7 potential experiments of dimension d = 2, where v1 = (1, 0)⊤,

v2 = (0, 1)⊤, v3 = v4 = ( 1√
2
, 0)⊤, v5 = v6 = (0, 1√

2
)⊤ and v7 = (2, 0)⊤. Let the cost components c

be c1 = c2 = 2, c3 = c4 = c5 = c6 = 1 and c7 = 4. Let B = 8 be the budget. When implementing

Algorithm 1, let us use p = 2, q = 1,m = 2 with initial design set S̃ = {1, 2, 3, 4, 5, 6}. In this case,

we begin with the matrix XS̃ =
∑6

i=1 viv
⊤
i =

2 0

0 2

. According to the interchange rule, our
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choices are to replace either (i) v1,v2 or (ii) v3,v4,v5,v6 by either (i) 2 copies of v1 or v2, or (ii) 4

copies of v3 or v4 or v5 or v6, or (iii) 1 copy of v7. By direct computation, we can show that the

objective function is improved by only two of these interchanges: (i) replace v1,v2 by v7, or (ii)

replace v3,v4,v5,v6 by v7. However, neither of them is accepted by Algorithm 1. This is because

the induced matrix corresponding to either of the aforementioned interchanges is

Y := X −
2∑

i=1

viv
⊤
i + v7v

⊤
7 = X −

6∑
i=3

viv
⊤
i + v7v

⊤
7 =

5 0

0 1

 .

Clearly, det(X) = 4 < 5 = det(Y ). On the other hand, since X−1 =

1
2 0

0 1
2

, we have

τ1 = (1, 0)

1
2 0

0 1
2


1

0

 =
1

2
.

Similarly, we can compute τ2 = 1
2 , τ3 = τ4 = τ5 = τ6 = 1

4 , τ7 = 2, τ1,7 = 1, τ3,7 = τ4,7 = 1√
2
,

τ2,7 = τ5,7 = τ6,7 = 0. However, the potential function values for both interchanges are:

f ({7}, {1, 2}) = τ7 −

(
2∑

i=1

τi

)
− τ7

(
2∑

i=1

τi

)
+

(
2∑

i=1

τ2i,7

)
= 0,

f ({7}, {3, 4, 5, 6}) = τ7 −

(
6∑

i=3

τi

)
− τ7

(
6∑

i=3

τi

)
+

(
6∑

i=3

τ2i,7

)
= 0.

Therefore, Algorithm 1 will stop with the initial design.

The preceding example clearly shows how Algorithm 1 can overlook opportunities to improve

the objective. On the other hand, our interchange rule is far more e�cient than exhaustive search.

The following result establishes polynomial-time complexity.

Proposition 2. The time complexity of each interchange of the ordinary search (i.e., running lines

2-18 once) in Algorithm 1 is O(Bn(d2 +m log(p))).

We can use the result of Proposition 2 to quantify the time complexity of Algorithm 1. Let L

be the maximum binary encoding length of the vectors vi over i ∈ [n]. Given an optimal (multi-)

subset S∗ for problem (1), it can be shown (using similar arguments as in Madan et al. (2019)) that

11



the ratio between the optimal objective value det(
∑

i∈S∗ viv
⊤
i ) and the determinant value of the

non-singular initialization det(
∑

i∈I0 viv
⊤
i ) is at most Bd28Ld

2
. Thus, if each interchange increases

the objective value by a multiplicative factor (1 + δ), then the number of interchanges is at most

O(Ld
3 log(B)
δ ). Combining this with Proposition 2, we �nd that the overall running time of LS-W is

O(δ−1Lnd3(d2 +m log(p))B log(B)), as stated in Table 1.

3.2 Local optimality and approximation guarantee

Let S̃ be the index set of the �nal solution obtained when Algorithm 1 terminates. Our main

result, stated in Theorem 1, derives an approximation guarantee for S̃ by constructing a feasible

solution to the dual of the continuous relaxation of (MIP-W). At a high level, this technique is

similar to the one used by Madan et al. (2019) for cardinality-constrained D-optimal design. The

crucial di�erence between the two proofs lies in a certain bound used to show dual-feasibility. In

our setting, we require a uniform upper bound on the ratio
τj
cj
(which can be viewed as the marginal

improvement per unit cost achievable by adding another copy of experiment j) for all j ∈ [n] and

index set S̃. The following lemma states the bound. The proof is technical and is relegated to

Appendix B.1.

Lemma 3. After line 18 of Algorithm 1, we have

τj
cj

≤ d

c(S̃)− pmd+ pm
, ∀j ∈ [n].

Now, we are ready to prove the approximation guarantee. The proof proceeds by relaxing

the original problem, computing its dual, and using XS̃ to construct a dual-feasible solution; the

guarantee then follows by weak duality. This structure is overall similar to the proof of Theorem 7

in Madan et al. (2019), with Lemma 3 being the key ingredient. The proof is relegated to Appendix

B.1.

Theorem 1. Let S̃ be the output of Algorithm 1. Then we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

1−

(
B
pm −

⌊
B
pm

⌋
+ d− 1

)
pm

B

 ≥ [det (XS∗)]
1
d

(
1− pmd

B

)
.

12



Particularly, when B ≥ pmd
ϵ for some ϵ ∈ (0, 1), we have

[
det
(
XS̃

)] 1
d ≥ (1− ϵ) [det (XS∗)]

1
d .

The following corollary observes that, if ci ≡ 1 (i.e., the problem reduces the cardinality-

constrained case), Theorem 1 recovers the strongest existing bound in the literature Madan et

al. (2019).

Corollary 1. When the budget B = k, each cost component ci = 1 for all i ∈ [n]. Let us choose

p = q = 1 and let S̃ be the output of Algorithm 1. Then we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

(
1− d− 1

k

)
.

Particularly, when k ≥ d−1
ϵ for some ϵ ∈ (0, 1), we have

[
det
(
XS̃

)] 1
d ≥ (1− ϵ) [det (XS∗)]

1
d .

3.3 Approximation guarantee for general costs

Thus far, we have assumed that each ci is equal to some positive power of a = p
q . To handle general

costs, the main idea is to round up each ci to the nearest power of ai. In other words, we calculate

c′i := a⌈loga(ci)⌉. Note that we may choose p, q at our convenience to mitigate rounding error. We

then apply Algorithm 1 using the inputs B, c′, {vi}i∈[n], p, q and m := ⌈loga(cmax)⌉. Since the cost

components of c are rounded up to c′, it is guaranteed that the set S̃ returned by Algorithm 1 is

feasible with respect to the original costs.

Under the modi�ed inputs, Lemma 3 yields

τj
c′j

≤ d∑
j∈S̃ c′j − pmd+ pm

∀j ∈ [n].

However, since
c′i
ci

< a for any i ∈ [n], we have

τj
cj

≤
c′j
cj

d∑
j∈S̃ c′j − pmd+ 1

<
ad∑

j∈S̃ c′j − pmd+ pm
∀j ∈ [n],

13



thus increasing the right-hand side of the bound by at most a factor of a.

Then, by modifying the proof of Theorem 1, we obtain the following result. The detailed proof

can be found in Appendix B.1.

Theorem 2. Let S̃ be the output of Algorithm 1 with a = p
q , c

′
i := a⌈loga(ci)⌉, and m = ⌈loga(cmax)⌉.

When B ≥ pmd, we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

(
q

p
− qm

cmaxd

B

)
.

Particularly, when B ≥ qm cmaxd
ϵ for some ϵ ∈ (0, qp), we have

[
det
(
XS̃

)] 1
d ≥

(
q

p
− ϵ

)
[det (XS∗)]

1
d .

We note that the choice of parameters p, q a�ects the approximation guarantee in two ways.

First, it a�ects the approximation ratio through the rounding error ci
c′i
. The approximation ratio

can be strengthened to a (mini∈[n]
ci
c′i

− ϵ)-approximation if ci
c′i

is tighter. At the same time, it

a�ects the threshold required by our approximation guarantee. Between these two considerations,

we recommend prioritizing the reduction of rounding error.

4 Local search without repetition (LS-WO)

In this section, repetition is no longer allowed, and the mixed-integer formulation (MIP-W) is

replaced by

max
x

det
∑

i∈[n]

xiviv
⊤
i

 1
d

s.t.
∑
i∈[n]

cixi ≤ B

xi ∈ {0, 1},∀i ∈ [n].

(MIP-WO)

LW-WO uses the same basic idea as LS-W. We �rst assume that all costs are powers of a, and

iteratively interchange two packs of experiments with the same total cost; we then handle general

costs using rounding. There are, however, several nontrivial di�culties in extending the analysis of

Section 3:

� When making an interchange, Algorithm 1 always adds multiple copies of the same experiment.

14



This is no longer possible when repetition is not allowed. In this setting, we must consider

sets of distinct experiments, which is more di�cult to do e�ciently.

� It may happen that we do not have enough unselected experiments to create pack with the

desired total cost. We resolve this issue by creating arti�cial experiments with data vectors

v = 0 and costs aℓ as needed.

� If repetition is not allowed, the bound in Lemma 3 holds only for j /∈ S̃, not for all j ∈ [n],

complicating the proof of the approximation ratio.

� The continuous relaxation of the problem without repetition has more dual variables, making

it more challenging to construct a dual-feasible solution.

For these reasons, we replace Algorithm 1 by Algorithm 2, with several main di�erences that are

discussed in Section 4.1 for costs that are powers of a. General costs are covered in Section 4.2.

4.1 Costs that are powers of a

Again, we suppose that, for all i ∈ [n], we have ci = aℓ for some ℓ ∈ M . While Algorithm 2 is

similar to Algorithm 1, they di�er in four aspects:

Problem setting. For each ℓ ∈ M , we add ⌊ B
pm ⌋pm−ℓqℓ − 1 arti�cial experiments with zero value

and cost aℓ.

Interchange rules. We still interchange packs of experiments whose total cost is pm, but we also

allow the interchange of two individual experiments that have the same cost. Of course, we can no

longer add multiple copies of the same experiment.

Initialization. In the same way as before, we construct an initial set Ŝ of d distinct experiments

whose induced matrix XŜ is nonsingular. However, this set is now augmented by adding arti�cial

experiments with zero value, rather than making copies of the initial d experiments. At the end of

this procedure, we have a set I0 ⊆ [n] such that
∑

i∈I0 viv
⊤
i is nonsingular, c(I0) = ⌊ B

pm ⌋pm, and

|{i ∈ I0 : ci = ci0}| ≥
pm

ci0
for all i0 ∈ I0.

Potential function. The stopping criterion is the same as in Algorithm 1, but the potential

function (line 6 of Algorithm 2) is di�erent. The new function is still based on superadditivity, but

is motivated by the following inequality, whose detailed proof can be found in Appendix B.2.
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Lemma 4. For any two index subsequences with distinct elements I := {i1, i2, . . . , ipm−rqr} ⊆ S̃ and

J := {j1, j2, . . . , jpm−rqr} ⊆ S̃C := [n] \ S̃, we have

det

XS̃ +

pm−ℓqℓ∑
k=1

vjkv
⊤
jk

−
pm−rqr∑
k=1

vikv
⊤
ik

 ≥ det
(
XS̃

)1 +

pm−ℓqℓ∑
k=1

τjk

1−
pm−rqr∑
k=1

τik

 . (3)

The right-hand side of (3) is a separable product of one term depending only on the unselected

experiments jk to be �added� and one term depending only on the selected experiments ik to be

�deleted.� Formally, the potential function for deleting experiments indexed by Im and adding

experiments indexed by Jm is de�ned as

f(Jm, Im) :=
∑
j∈Jm

τj −
∑
i∈Im

τi −
∑
i∈Im

τi
∑
j∈Jm

τj . (4)

It is fairly straightforward to extend several proofs in Section 3.1 to obtain the following results.

Therefore, we state them without proof. It is worth noting, however, that the interchange still has

polynomial-time complexity, despite the fact that we can no longer add multiple copies of the same

experiment. This happens because the new potential function (4) no longer contains the cross terms

τij , so we may compute τi and τj separately for added and deleted experiments.

Proposition 3. In each iteration of Algorithm 2, the following statements hold:

(i) the determinant det(XS̃) is monotonically strictly increasing from the previous iteration;

(ii) the inverse X−1
S̃

is always well-de�ned;

(iii) the algorithm always terminates in a �nite number of iterations.

Furthermore, the time complexity of each interchange of the ordinary search (i.e., running lines 4-22

once) in Algorithm 2 is O(n(d2 +m log(p))).

It is worth noting that, by combining Proposition 3 with the arguments at the end of Section

3.1, we obtain an overall time complexity of O(δ−1Lnd3(d2 + m log(p)) log(B)) for LS-WO, with

δ being the minimum multiplicative factor by which the objective value improves in one iteration.

This is the quantity reported in Table 1. It can be readily seen that LS-WO is more e�cient than

LS-W, as it incurs a smaller cost per interchange.
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Algorithm 2 Local search algorithm for D-optimal design without repetition with costs ai

1: Input: B ≥ pm(d + m + 1). Let I0 be any subset of [n] such that XI0 =
∑

i∈I0 viv
⊤
i is

non-singular, c(I0) ≥ ⌊ B
pm ⌋pm and |{i ∈ I0 : ci = ci0}| ≥ pm

ci0
for each i0 ∈ I0. S̃ = I0.

XS̃ =
∑

i∈I0 viv
⊤
i . Compute Λ := X−1

S̃
, τj := v⊤

j Λvj for all j ∈ [n].

2: S̃r = {i ∈ S : ci = ar}.
3: S̃C

ℓ = {j /∈ S : cj = aℓ}.
4: Im = argmin

I:r,I⊆S̃r,|I|=pm−rqr

∑
i∈I τi. ▷ Only r with S̃r ̸= ∅ is considered.

5: Jm = argmax
J :ℓ,J⊆S̃C

ℓ ,|J |=pm−ℓqℓ

∑
j∈J τj . ▷ Only ℓ with S̃C

ℓ ̸= ∅ is considered.

6: f(Jm, Im) =
∑

j∈Jm τj −
∑

i∈Im τi −
∑

i∈Im τi
∑

j∈Jm τj
7: if f(Jm, Im) ≤ 0 then
8: Jm, Im = argmax

J,I:J={j},I={i},ci=cj

(τj − τi + τiτj).

9: if f(Jm, Im) ≤ 0 then
10: Go to line 23.
11: end if

12: end if.
13: S̃ = S̃ ∪ Jm\Im.
14: XS̃ = XS̃ +

∑
j∈Jm vjv

⊤
j −

∑
i∈Im viv

⊤
i .

15: for j ∈ Jm do

16: Λ = Λ− Λvjv
⊤
j Λ

1+v⊤
j Λvj

17: end for

18: for i ∈ Im do

19: Λ = Λ+
Λviv

⊤
i Λ

1−v⊤
i Λvi

20: end for

21: Update τj = v⊤
j Λvj for all j ∈ [n].

22: Return to line 2.
23: S̃,XS̃ = SubtleSearchWO(S̃,XS̃ ,Λ). ▷ An optional step to improve the objective.

24: return S̃,XS̃ .

The main obstacle remaining in the way of the approximation guarantee is that Lemma 3 no

longer holds in our setting. We derive new bounds based on the local optimality condition

∑
j∈Jm

τj −
∑
i∈Im

τi −
∑
i∈Im

τi
∑
j∈Jm

τj ≤ 0, (5)

which hold for the set S̃ returned by Algorithm 2 when ordinary search terminates (i.e., when we

reach line 23). De�ne S̃r := {i ∈ S̃ : ci = ar}, S̃C
ℓ := {j /∈ S̃ : cj = aℓ} for each r, ℓ ∈ M . Then, we

may further rewrite (5) for each type of interchange: (i) interchanges of two packs of total cost pm,

lines 2-6; and (ii) interchanges of individual experiments with equal cost, lines 7-12).
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Interchanges of packs. For any index sequence Im = {ik}k∈[pm−rqr] ⊆ S̃r with r ∈ M , and any

Jm = {jk}k∈[pm−ℓqℓ] ⊆ S̃C
ℓ with ℓ ∈ M , the local optimality condition (5) reduces to

∑pm−ℓqℓ

k=1 τjk
pm

(
1− pm

∑pm−rqr

i=1 τik
pm

)
−
∑pm−rqr

k=1 τik
pm

≤ 0. (6)

De�ne ω := 1
pm min

r,I⊆S̃r,|I|=pm−rqr

∑
i∈I τi. The following result for ω aids in rewriting (6) and will be

used to prove the approximation guarantee.

Proposition 4. The following inequalities must hold: (i) ω ≤ d
c(S̃)

, and (ii) 1− pmω > 0.

By Proposition 4, maximizing the left-hand side of (6) results in an equivalent optimality con-

dition ∑pm−ℓqℓ

k=1 τjk
pm

(1− pmω)− ω ≤ 0. (7)

Since cj = aℓ for any j ∈ S̃C
ℓ , (7) can be rewritten as

1

pm−ℓqℓ

pm−ℓqℓ∑
k=1

τjk
cjk

≤ ω

1− pmω
. (8)

Thus, we no longer have a uniform bound on the ratios
τj
cj
, as we did in Lemma 3. Instead, (8) is a

bound on an average of these ratios. Some of the individual ratios may therefore violate the bound.

Let us de�ne �outlier� sets

OJ
ℓ =

{
j ∈ S̃C

ℓ :
τj
cj

>
ω

1− pmω

}
, OI

r =

{
i ∈ S̃r :

τi
ci

< ω

}
.

of experiments whose τ
c ratios behave di�erently from the average. To control the number of such

outliers, we require an additional interchange rule for individual experiments.

Interchanges of individual experiments. In this case, Im = {i} and Jm = {j}. In other words,

the optimality condition (5) for this type of interchange becomes

τj(1− τi)− τi ≤ 0, (9)

for any ℓ ∈ M , j ∈ S̃C
ℓ , and i ∈ S̃ℓ. The following result proves that, under (9), the number of

outliers becomes very small; the proofs can be found in Appendix B.2.
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Proposition 5. For each ℓ ∈ M , the following statements hold: (i) |OJ
ℓ | ≤ pm−ℓqℓ − 1 and |OI

ℓ | ≤

pm−ℓqℓ − 1; and (ii) |OJ
ℓ | × |OI

ℓ | = 0.

Together, these bounds substitute for Lemma 3 and enable us to prove the approximation

guarantee. As in the proof of Theorem 1, we formulate the dual of the continuous relaxation of

(MIP-WO), construct a dual feasible solution, and use weak duality to bound the objective value

of S̃. One noteworthy di�erence is that the bound obtained from weak duality now includes some

additional terms involving the outlier sets, and Proposition 5 is needed to bound these terms. The

full proof of the theorem is given in Appendix B.2

Theorem 3. Let S̃ be the output of Algorithm 2. Then we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

1−
(d+m+ 1) pm −

∑m−1
r=0 ar

B +
(
mpm −

∑m−1
r=0 ar

)
 .

Particularly, when B ≥ ϵ−1((d+m+ 1)pm −
∑m−1

r=0 ar)− (mpm −
∑m−1

r=0 ar) for some ϵ ∈ (0, 1), we

have

[det
(
XS̃

)
]
1
d ≥ (1− ϵ) [det (XS∗)]

1
d

Once more, in the special case of equal costs, the problem reduces to cardinality-constrained

D-optimal design (without repetition), and Theorem 3 recovers the strongest existing bound for

that problem (Madan et al. 2019).

Corollary 2. Suppose that B = k and ci ≡ 1. Choose p = q = 1 and let S̃ be the output of

Algorithm 2. Then, we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

(
1− d

k

)
.

Particularly, when k ≥ d
ϵ for some ϵ ∈ (0, 1), we have

[
det
(
XS̃

)] 1
d ≥ (1− ϵ) [det (XS∗)]

1
d .
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4.2 Approximation guarantee for general costs

As in Section 3.3, let c′i := (pq )
⌈log p

q
(ci)⌉

be the rounded cost of each i ∈ [n]. Next, we apply Algorithm

2 with the inputs B, c′, {vi}i∈[n], p, q and m := ⌈loga(cmax)⌉. Using a somewhat more complicated

version of the techniques discussed in Section 3.3, we obtain an approximation guarantee for the

general case. The detailed proof can be found in Appendix B.2.

Theorem 4. Let S̃ be the output of Algorithm 2 with inputs a = p
q , c′i := a⌈loga(ci)⌉, m =

⌈loga(cmax)⌉. If B ≥ pm(d+m+ 1), then we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

(
q

p
− qm

cmax (d+m+ 1)

B

)
.

Particularly, when B ≥ qm cmax(d+m+1)
ϵ for some ϵ ∈ (0, qp), we have

[
det
(
XS̃

)] 1
d ≥

(
q

p
− ϵ

)
[det (XS∗)]

1
d .

5 Sampling with repetition (SA-W)

Sampling algorithms for budget-constrained D-optimal design are, overall, easier to construct than

local search methods, and can rely more on existing results. In this and the next section, we

streamline our presentation and focus on the new details required to complete the extension.

As in Sections 3.3 and 4.2, each cost ci is rounded up to the nearest power of a. For each r ∈ M ,

we then pack pm−rqr copies of each experiment whose rounded cost is ar. More precisely, for every

vector vi for which c′i = ar, we create an aggregated vector ui such that uiu
⊤
i = pm−rqrviv

⊤
i .

Then, every pack has the same total cost pm, which essentially reduces the problem to an instance

of cardinality-constrained D-optimal design with repetition.

For notational convenience, let us denote ki := ⌈log p
q
ci⌉ for each i ∈ [n], m := maxi ki. We take
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the logarithm of the objective function of (MIP-W) and relax the problem as

max
x

1

d
log det

∑
i∈[n]

xiviv
⊤
i


s.t.

∑
i∈[n]

cixi ≤ B

xi ≥ 0 ∀i ∈ [n].

(REL-W)

Let w1(B) denote the optimal objective value of the relaxation (REL-W). We also let c̃i =
ci
aki

for

each i ∈ [n], and de�ne B′ = B
pm . Then (REL-W) is equivalent to the program

w2

(
B′) = max

y

1

d
log det

∑
i∈[n]

yiuiu
⊤
i


s.t.

∑
i∈[n]

c̃iyi ≤ B′

yi ≥ 0 i ∈ [n].

(REL-W-2)

The transformation xi = pm−kiqki yi can be used to convert a feasible solution of (REL-W) to one

of (REL-W-2) and vice versa. It can readily be seen that

w2

(
B

pm

)
= w1(B). (10)

The costs c̃i satisfy
q
p < c̃i ≤ 1. We may view them as being �close to 1,� motivating an approximate

problem in which c̃i in (REL-W-2) is replaced by 1, and the right-hand side is rounded down to

the interest integer. This problem is an instance of cardinality-constrained D-optimal design (with

cardinality B′′ = ⌊B′⌋):

w3

(
B′′) = max

y

1

d
log det

∑
i∈[n]

yiuiu
⊤
i


s.t.

∑
i∈[n]

yi ≤ B′′

yi ≥ 0 i ∈ [n].

(REL-W-3)

We may then run Algorithm 3, which applies the techniques of Singh & Xie (2020) to (REL-W-3).
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Algorithm 3 Sampling algorithm for budget-constrained D-optimal design with repetition.

1: Initialize multi-set S̃ = ∅ and number ϵ ∈ (0, 1). Suppose {ŷi}i∈[n] is an optimal solution to

(REL-W-3) for B′ = ⌊ B
pm ⌋,uiu

⊤
i = pm−kiqkiviv

⊤
i .

2: for j = 1, . . . , ⌊ B
pm ⌋ do

3: Sample s from [n] with probability P[s = i] = ŷi
⌊ B
pm

⌋ .

4: Let S̃ = S̃ ∪ { s, s, . . . , s︸ ︷︷ ︸
pm−ksqks copies

}.

5: end for.
6: while c(S̃) ≤ B − cj for some j ∈ [n] do ▷ An optional step to improve the objective.
7: Let j∗ ∈ argmaxj∈[n],c(S̃)<B−cj

c−1
j [det(

∑
i∈S̃ viv

⊤
i + vjv

⊤
j )− det(

∑
i∈S̃ viv

⊤
i )].

8: Add j∗ to multi-set S̃.
9: end while.

10: Return S̃.

The same reference also proves the polynomial-time complexity of the algorithm, and describes a

deterministic implementation with the same guarantee.

The approximation guarantee for Algorithm 3 is obtained from Theorem 5 of Singh & Xie (2020).

The only missing piece is to relate the optimal value w3(
⌊

B
pm

⌋
) of (REL-W-3) to the optimal value

w2(
B
pm ) of (REL-W-2). This is done in the following technical lemmas.

Lemma 5. For any B′, B′′ > 0, we have

w2

(
B′) = w2

(
B′′)+ log

(
B′

B′′

)
, w3

(
B′) = w3

(
B′′)+ log

(
B′

B′′

)
.

Proof. The two equalities hold because, for any feasible solution y to (REL-W-2) or (REL-W-3)

with budget B′, we can construct a feasible solution to (REL-W-2) or (REL-W-3) with budget B′′

by letting ŷi =
B′′

B′ yi for each i ∈ [n] and vice versa.

Lemma 6. The following inequalities must hold:

w2

(
B

pm

)
≥ w3

(⌊
B

pm

⌋)
≥ w2

(
B

pm

)
− log

p

q

B
pm⌊
B
pm

⌋
 .

Proof. The �rst inequality holds because q
p < c̃i ≤ 1 for each i ∈ [n] and B′′ ≤ B′. To prove the

second inequality, we replace each c̃i in (REL-W-2) by its lower bound q
p , and let B′ = q

p

⌊
B
pm

⌋
,
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yielding

w3

(⌊
B

pm

⌋)
≥ w2

(
q

p

⌊
B

pm

⌋)
.

By Lemma 5, we have

w2

(
q

p

⌊
B

pm

⌋)
= w2

(
B

pm

)
+ log

q

p

⌊
B
pm

⌋
B
pm

 ,

which completes the proof

The main result then follows by combining Lemma 5, Lemma 6, (10), and Theorem 5 of Singh

& Xie (2020). The proof is straightforward and thus omitted.

Theorem 5. Algorithm 3 yields a 1
e
q
p
B−pm

B -approximation, i.e.,

E

det
∑

i∈S̃

viv
⊤
i

 1
d

≥ 1

e

q

p

B − pm

B
det

∑
i∈[n]

x̂iviv
⊤
i

 1
d

.

In particular, when B ≥ qm cmax
ϵ for some ϵ ∈ (0, qp), we have

E

det
∑

i∈S̃

viv
⊤
i

 1
d

≥ 1

e

(
q

p
− ϵ

)
det

∑
i∈[n]

x̂iviv
⊤
i

 1
d

.

Furthermore, given ϵ ∈ (0, qp) and B ≥ p
⌈log p

q
(cmax)⌉ d

ϵ , Algorithm 3 yields a (1 − ϵ
d)(

q
p − ϵ)-

approximation, i.e.,

E

det
∑

i∈S̃

viv
⊤
i

 1
d

≥
(
1− ϵ

d

)(q

p
− ϵ

)
det

∑
i∈[n]

x̂iviv
⊤
i

 1
d

.

The time complexity of SA-W depends mainly on the cost of computing the continuous relax-

ation. According to Ben-Tal & Nemirovski (2001), this cost is O(n5). After solving the continuous

relaxation, SA-W incurs a cost of O(n) per iteration. As the number of iterations is ⌊ B
pm ⌋, the

expected running time is O(n5 + n⌊ B
pm ⌋), as reported in Table 1.
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Algorithm 4 Sampling algorithm for budget-constrained D-optimal design without repetition.

1: Initialize S̃ = ∅ and ϵ ∈ (0, 1). Suppose x̂ is an optimal solution to the continuous relaxation of
(MIP-WO).

2: do

3: S̃ = ∅
4: for j ∈ [n] do
5: Sample a (0, 1) uniform random variable U .

6: if U ≤ x̂j

1+ϵ then

7: Add j to the set S̃.
8: end if.
9: end for.

10: while c(S̃) > B.
11: while c(S̃) ≤ B − cj for some j /∈ S̃ do ▷ Optional step to improve the objective.
12: Let j∗ ∈ argmax

j:j∈[n]\S̃,c(S̃)<B−cj

c−1
j [det(

∑
i∈S̃ viv

⊤
i + vjv

⊤
j )− det(

∑
i∈S̃ viv

⊤
i )].

13: Add j∗ to set S̃.
14: end while.

6 Sampling without repetition (SA-WO)

Algorithm 4 describes a sampling method without repetition. We �rst compute an optimal solution

x̂ to the continuous relaxation of (MIP-WO) using the Frank-Wolfe algorithm or another convex

optimization technique. Next, given ϵ > 0 (the precise value will be optimized for the purpose of

proving the approximation guarantee), we select experiment j with probability
x̂j

1+ϵ independently.

Let S̃ be the index set of experiments selected in this manner. If c(S̃) > B, we discard S̃ and start

over. If c(S̃) < B − cj for some j /∈ S̃, we add more experiments to use more of the budget.

Section 6.1 presents the approximation guarantee for Algorithm 4. Section 6.2 gives a de-

terministic version of the algorithm, which is the most novel development in this section, as the

derandomization technique of Singh & Xie (2020) no longer works in the budget-constrained set-

ting. Similarly to SA-W, the time complexity of SA-WO is dominated by the cost of solving the

continuous relaxation, which is O(n5) as reported in Table 1.

6.1 Approximation guarantee

We �rst state the guarantee. It is worth noting that, although we assume mini∈[n] ci = 1, the results

in Theorem 6 do not depend on the ratio maxi∈[n] ci/mini∈[n] ci, which appears in the de�nition of

m used in our other algorithms.

Theorem 6. Given an ϵ ∈ (0, 1), suppose that B ≥ 4cmaxd
ϵ + 12cmax

ϵ2
log(1ϵ ) and S̃ denotes the output
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of Algorithm 4. Then, S̃ satis�es

E

det
∑

i∈S̃

viv
⊤
i

 1
d

≥ (1− ϵ) det

∑
i∈[n]

x̂iviv
⊤
i

 1
d

.

The proof of 6 proceeds very similarly to Singh & Xie (2020), where an analogous guarantee is

derived by combining the Cauchy-Binet formula (Lemma 3 in Singh & Xie 2020) with a property of

the distribution of the random set S̃ returned by the sampling method. The distribution is required

to be d-wise α-positively correlated, meaning that

P
[
T ⊆ S̃|c(S̃) ≤ B

]
≥ αd

∏
i∈T

x̂i

for some α > 0. Therefore, our analysis here essentially reduces to proving that this property holds

in the context of heterogeneous costs. This gap is �lled by the following technical lemma.

Lemma 7. Let S̃ be a random set obtained from one iteration of the while loop described in lines

3-9) of Algorithm 4. Given T ⊆ [n] with |T | = d ≤ n and ϵ ∈ (0, 1), we have

1∏
i∈T x̂i

P
[
T ⊆ S̃|c(S̃) ≤ B

]
≥ (1 + ϵ)−d

(
1− e

− (ϵB−(1+ϵ)c(T ))2

cmaxB(2+ϵ)(1+ϵ)

)
:= αd.

The proof of Lemma 7 uses a weighted Cherno� bound implied by Corollary 1 in Panconesi &

Srinivasan (1997). The detailed proof can be found in Appendix B.3.

Lemma 8 (Weighted Cherno� bound). Let X1, ..., Xn be independent 0/1 random variables, each

with a weight 0 ≤ w1, ..., wn ≤ 1, and let X be the weighted sum X = w1X1 + . . . + wnXn. For

µ = E[X] and every ϵ̄ > 0, we have

P [X ≥ (1 + ϵ̄)µ] ≤ e−
ϵ̄2

2+ϵ̄
µ.

Finally, we comment on the computational complexity of Algorithm 4. The sampling procedure

at each iteration of the while loop has complexity O(n). Under the same conditions as Theorem

6, we show that Algorithm 4 terminates after a constant number of iterations in expectation. The

proof is again based on the weighted Cherno� bound of Lemma 8; the details can be found in
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Appendix B.3.

Proposition 6. Given ϵ ∈ (0, 1), suppose that B > 4cmaxd
ϵ + 12cmax

ϵ2
log(1ϵ ). Then the expected number

of iterations (lines 3-9) in Algorithm 4 is O(1).

6.2 Deterministic implementation

Our results for Algorithm 4 hold in expectation, and one may have to sample multiple times in

order to obtain a feasible solution. We propose a derandomized (deterministic) version of Algo-

rithm 4 that returns a feasible solution with the same guarantee. While Singh & Xie (2020) also

presents deterministic implementations of sampling algorithms for the cardinality-constrained case,

our developments here are signi�cantly di�erent.

To derandomize Algorithm 4, we use conditional expectation as in Spencer (1994). Let S ⊆ [n]

satisfy c(S) ≤ B, and let U ⊆ [n] \S. One may view S as an index set of experiments that must be

selected, while U is an index set of experiments that must not be selected. We then de�ne

H (S,U) := E

det
∑

i∈S̃

viv
⊤
i

∣∣∣∣∣S ⊆ S̃ ⊆ [n] \ U, c(S̃) ≤ B


to be the conditional expectation of the objective value achieved by Algorithm 4, given that the

experiments in S were sampled while the experiments in U were not. This de�nition generalizes

what is used in Singh & Xie (2020) for the cardinality-constrained case, where the conditional

expectation was a function of S only.

Observe that H(∅, ∅) is simply the expected output value of Algorithm 4. Suppose that S and

U are chosen in such a way that there exists a j ∈ [n]\(S ∪ U) satisfying c(S) + cj ≤ B. Then, we

must have

H(S,U) = H(S ∪ j, U) Pr

[
j ∈ S̃

∣∣∣∣S ⊆ S̃, c(S̃) ≤ B

]
+H(S,U ∪ j) Pr

[
j /∈ S̃

∣∣∣∣S ⊆ S̃, c(S̃) ≤ B

]
.

Thus, max{H(S ∪ j, U), H(S,U ∪ j)} ≥ H(S,U), due to the fact that

Pr

[
j ∈ S̃

∣∣∣∣S ⊆ S̃, c(S̃) ≤ B

]
+ Pr

[
j /∈ S̃

∣∣∣∣S ⊆ S̃, c(S̃) ≤ B

]
= 1.
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Algorithm 5 Derandomization of Algorithm 4

1: Suppose x̂ is an optimal solution to the continuous relaxation of (MIP-WO).
2: Initialize S = ∅, U = ∅ and j = 1.
3: do

4: if H(S ∪ j, U) ≥ H(S,U ∪ j) then
5: S = S ∪ j
6: else

7: U = U ∪ j
8: end if

9: while there exist a j ∈ [n] \ (S ∪ U) such that c(S) + cj ≤ B.
10: Return S.

On the other hand, if S and U are chosen in such a way that there is no j ∈ [n]\(S ∪ U) satisfying

c(S) + cj ≤ B, we have

H(S,U) = det

(∑
i∈S

viv
⊤
i

)
,

where the equality holds because the only S̃ satisfying S ⊆ S̃ ⊆ [n] \ U and c(S̃) ≤ B is S̃ = S.

These observations motivate the structure of the deterministic algorithm, stated formally as

Algorithm 5. In each iteration, we evaluate some j ∈ [n] \ (S ∪ U) for which c(S) + cj ≤ B. If

H(S ∪ j, U) ≥ H(S,U ∪ j), we add j to the set S; otherwise, we add j to the set U . Because we

start with S = U = ∅, this procedure will yield S whose objective value is greater than or equal to

H (∅, ∅), which is the expected value of the solution returned by Algorithm 4. Thus, the solution

found by Algorithm 5 in a deterministic manner is guaranteed to be better than the expected value

of the output of the sampling algorithm. It follows that the approximation guarantee of Theorem

6 always holds for the output of Algorithm 5.

The only remaining issue is the e�cient computation of H (S,U). Since U consists of elements

that are removed from [n], the cost of computingH(S,U) is bounded above by the cost of computing

H(S, ∅). It can be shown, using arguments similar to those used in Singh & Xie (2020), that this

evaluation can be reduced to e�cient computations of two formulas. However, instead of computing

the coe�cient of a single term in a polynomial, as is done in Singh & Xie (2020), we have to compute

the sum of coe�cients of multiple terms in a �generalized polynomial� that has (possibly) non-integer

exponents. Speci�cally, the two formulas to be computed are (i) the sum of coe�cients with order

less than or equal to B − c(S) in the polynomial P (y) =
∏

i∈[n]\S(1 + x̂i
1+ϵ−x̂i

yci), which can be

e�ciently computed using a fast Fourier transform, and (ii) the sum of coe�cients of terms of the
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form td1t
B̃−c(S)
2 t

c(S)
3 , for any B̃ satisfying c(S) ≤ B̃ ≤ B, in the expansion of

F (t1, t2, t3) = det
(
In + t1 diag (y)

1
2 A⊤A diag (y)

1
2 + diag (y)

)
,

where t1, t2, t3 ∈ R,y ∈ Rn are indeterminate and

yi =


tci3 if i ∈ S

x̂i
1+ϵ−x̂i

tci2 otherwise.

This computation can be e�ciently performed using the Faddeev-LeVerrier algorithm (Hou 1998).

Having observed that these formulas can be computed e�ciently, one can then extend the proofs

in Singh & Xie (2020) to conclude that each evaluation of H(·, ·) can be performed e�ciently at

cost of O(n4). Algorithm 5 requires at most O(n) evaluations of the function H(·, ·). Therefore, the

total complexity of Algorithm 5 is O(n5).

7 Numerical study

We present empirical insights into the performance of our algorithms. Section 7.1 describes the

synthetic datasets that we used, and Section 7.2 presents the results, discussing both solution

quality and computational cost.

7.1 Data and experimental setup

We generated two sets of experiments, a �small� one with n = 300 and d = 14, and a �large� one

with n = 1000 and d = 49. The vectors vi in each dataset contain d1 continuous elements (with

d1 = 9 in the small dataset and d1 = 30 in the large one) and d− d1 binary-valued elements based

on a single categorical variable. The continuous elements are generated by sampling from a uniform

distribution on the unit sphere in Rd1 . To generate the dummy variables, we �rst sample d− d1+1

random numbers from an exponential distribution with parameter 1, and then normalize them to

create a probability mass function (essentially this is a uniform sample on the unit simplex). From

this PMF, we generate a category that determines the values of the dummy variables.

The costs ci were sampled from a uniform distribution on the interval [1, b] where two values

b ∈ {2, 16} were considered for both datasets. Thus, we have a total of eight experimental settings:
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two data sizes, two choices of b, and with/without repetition. For each of these settings, we generated

5 random instances based on the above speci�cations. Within each instance, we ran seven di�erent

budgets (values of B), starting from a multiple of 50 that exceeded the thresholds required by our

approximation guarantees.

We report the average performance of each algorithm, measured using the log-determinant

1
d log det(·), across these instances. Since the output of SA-W and SA-WO is random, we ran

these algorithms 20 times on each instance and report the best-performing solution (which is then

averaged across the instances). Since it is di�cult to solve (MIP-W) or (MIP-WO) to optimality, we

compare the performance of each algorithm to the upper bound provided by solving the continuous

relaxation of each problem. We also report the total running time of each algorithm.

Although, for three of our four algorithms, the approximation guarantees depend on parameters

p, q, we found that p = 2, q = 1 produced consistently good results. For simplicity, we used these

values in all numerical instances. We also used ϵ = 0 in the implementation of SA-WO.

When repetition is not allowed, we also implement the RE method of Lau & Zhou (2022). Since

RE is also randomized, we ran it 20 times on each instance similarly to SA-W and SA-WO. RE

is not guaranteed to produce a feasible solution; if it was not able to �nd one in 20 attempts, we

report the least infeasible one (i.e., the solution whose cost is closest to the budget).

7.2 Numerical results

Figures 1-2 report results for the eight experimental settings. The four settings with repetition are

shown in Figure 1, while the settings without repetition are presented in Figure 2. In all cases, the

optimality gaps for all methods shrink as B becomes larger, consistent with the asymptotic behavior

of the approximation guarantees.

The RE method is not shown in Figure 1 as it does not handle repetition. LS-W tends to

outperform SA-W, in both objective value and computational cost, except for the case n = 300,

b = 2. Even in that case, the good performance of SA-W is due to the optional greedy step in lines

6-9 of Algorithm 3. If this step is omitted, LS-W will perform better. In the other cases, LS-W

performs better even when SA-W is given the bene�t of the optional step.

For D-optimal design with repetition, LS-W has a higher objective value than SA-W except for

when n = 300, b = 2 and the budget B is small. Both their optimality gaps based on the optimal

29



(a) n = 300, b = 2. (b) n = 300, b = 16.

(c) n = 1000, b = 2. (d) n = 1000, b = 16.

Figure 1: Objective values and total running time for the D-optimal design with repetition.

continuous relaxation value are small. Although LS-W is worse than SA-W when n = 300, b = 2,

from our experiments not shown in the �gures, if we compare the solutions before the �greedy

addition� at the end of the algorithms, LS-W generally has a better objective value than that of

SA-W. We also note that the reported performance of SA-W is the best obtained over 20 rounds of

sampling.

With regard to the running time, LS-W becomes more expensive for higher B, because there

are now more possible interchanges to search over, and, since repetition is allowed, the number of

possible interchanges does not decrease as the algorithm progresses. The cost of SA-W does not

depend on B much because the time complexity of this method is dominated by the cost of solving

the continuous relaxation.
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(a) n = 300, b = 2. (b) n = 300, b = 16.

(c) n = 1000, b = 2. (d) n = 1000, b = 16.

Figure 2: Objective values and total running time for the D-optimal design without repetition.

We now turn to Figure 2. First, it is necessary to mention that, for the instances with n = 1000,

the RE benchmark did not terminate within 5 hours (not even with an infeasible solution). This

may be due to the fact that the approximation guarantee of RE requires a much larger B than

our methods; another reason could be that RE has to solve an algebraic decomposition problem at

every iteration, incurring signi�cant computational cost. Thus, we were not able to include RE in

the comparison for n = 1000. When n = 300, we found that RE performed similarly to SA-WO

but with much longer running time. Furthermore, for the two lowest B values, RE was not able to

�nd a feasible solution in 20 attempts.

As for LS-WO, we found that it underperformed SA-WO in problems without repetition, but

also ran signi�cantly faster. For the instances with n = 1000, SA-WO can take 200 times longer to
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terminate than LS-WO. The reason is that the potential function of LS-WO can be computed much

more e�ciently than the one used by LS-W. This is an important bene�t because the computational

cost often increases across the board when repetition is not allowed (since we then have to examine

combinations of experiments rather than simply making copies of the same one).

These comparisons have revealed some of the strengths and weaknesses of each approach. Local

search tends to outperform sampling when repetition is allowed, and if it is not allowed, the situation

is reversed. However, local search is consistently the most computationally e�cient approach, and,

in particular, scales much better with large n.

8 Conclusion

We have presented a suite of polynomial-time algorithms for the budget-constrained D-optimal

design problem, based on local search and sampling. Two variants of each approach are developed

in order to handle situations where repetition is and is not allowed. An approximation guarantee

is proved for each algorithm, and deterministic implementations are provided for the sampling

algorithms. Our deterministic approximation ratios for the budget-constrained D-optimal design

problem �ll a signi�cant gap in the existing literature, which heretofore has mainly focused on

the cardinality-constrained case; the only previously existing method for the budget-constrained

problem relies on probabilistic guarantees and may not produce a feasible solution. Numerical

experiments show the practical viability of our algorithms.

A novel aspect of our work is the idea of grouping the experiments into packs of similar cost,

which has not previously been considered by the literature on D-optimal design. Our rounding

scheme and interchange rule could potentially have uses in other classes of budget-constrained

combinatorial optimization problems.
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A Subtle search

In this section, we present the subtle search procedure, which can improve the numerical performance

of Algorithms 1 and 2. The theoretical guarantee will remain unchanged. We discuss the di�erences

between subtle and ordinary search and present subtle search formally in Algorithms 6 and 7. In

the following, we focus on the case where repetition is allowed; the discussion for the other case is

similar and we omit it for brevity.

Interchange rules. Recall that, in LS-W, each interchange made by ordinary search replaces

pm−rqr experiments with cost ar by pm−ℓql number of experiments with cost aℓ. Subtle search

involves fewer experiments in each interchange. Speci�cally, for any two di�erent exponents r, ℓ ∈ M ,

we consider two cases: (i) if r > ℓ, we can replace qr−ℓ experiments with cost ar by pr−ℓ copies of an

experiment of cost aℓ; and (ii) if r ≤ ℓ, we can replace pℓ−r experiments with cost ar by qℓ−r copies

of an experiment with cost aℓ. It is critical to apply ordinary search �rst to obtain the theoretical

guarantee, since subtle search alone does not have any theoretical properties.

Properties. The result of Proposition 1 holds for subtle search with a nearly identical proof. The

time complexity for each interchange of subtle search is bounded above by the complexity derived

in Proposition 2. Both ordinary search and subtle search require the same amount of computation,

but fewer experiments are involved at each interchange of subtle search.
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Algorithm 6 SubtleSearchW (S̃,XS̃ ,Λ)

1: while c(S̃) ≤ B − cj for some j ∈ [n] do
2: Let j∗ ∈ argmaxj∈[n],c(S̃)<B−cj

c−1
j [det(

∑
i∈S̃ viv

⊤
i + vjv

⊤
j )− det(

∑
i∈S̃ viv

⊤
i )].

3: Add j∗ to set S̃.
4: end while

5: for r, ℓ ∈ M do

6: S̃r = {i ∈ S̃ : ci = ar}
7: if S̃r ̸= ∅ then
8: if r > ℓ and |{i ∈ S̃ : ci = ar}| ≥ qr−ℓ then

9: Jr,ℓ, Ir,ℓ = argmax
J,I

{f(J, I) : |I| = qr−ℓ, I ⊆ S̃r, cj = aℓ, J = { j, · · · , j︸ ︷︷ ︸
pr−ℓ copies

}}}.

10: end if

11: if r ≤ ℓ and |{i ∈ S̃ : ci = ar}| ≥ pℓ−r then

12: Jr,ℓ, Ir,ℓ = argmax
J,I

{f(J, I) : |I| = pℓ−r, I ⊆ S̃r, cj = aℓ, J = { j, · · · , j︸ ︷︷ ︸
qℓ−r copies

}}}.

13: end if

14: end if

15: end for

16: r0, ℓ0 = argmaxr,ℓ f(Jr,ℓ, Ir,ℓ).
17: if f(Jr0,ℓ0 , Ir0,ℓ0) > 0 then
18: Add the multi-set Jr0,ℓ0 to S̃ and delete the multi-set Ir0,ℓ0 from S̃.
19: XS̃ = XS̃ +

∑
j∈Jr0,ℓ0

vjv
⊤
j −

∑
i∈Ir0,ℓ0

viv
⊤
i .

20: for j ∈ Jr0,ℓ0 do

21: Λ = Λ− Λvjv
⊤
j Λ

1+v⊤
j Λvj

22: end for

23: for i ∈ Ir0,ℓ0 do

24: Λ = Λ+
Λviv

⊤
i Λ

1−v⊤
i Λvi

25: end for

26: Update τij = v⊤
i Λvj for all i ∈ S̃, j ∈ [n], and τj = v⊤

j Λvj for all j ∈ [n].
27: Return to line 5.
28: end if

29: return S̃,XS̃ .
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Algorithm 7 SubtleSearchWO(S̃,XS̃ ,Λ)

1: while c(S̃) ≤ B − cj for some j /∈ S̃ do

2: Let j∗ ∈ argmaxj /∈S̃,c(S̃)<B−cj
[
det(

∑
i∈S̃ viv

⊤
i +vjv

⊤
j )−det(

∑
i∈S̃ viv

⊤
i )

cj
].

3: Add j∗ to set S̃.
4: end while

5: for r, ℓ ∈ M do

6: S̃r = {i ∈ S̃ : ci = ar}
7: if r > ℓ and |{i ∈ S̃ : ci = ar}| ≥ qr−ℓ then

8: Jr,ℓ, Ir,ℓ = argmax
J,I

{f(J, I) : |I| = qr−ℓ, I ⊆ S̃r, |J | = pr−ℓ, J ⊆ S̃C
ℓ .

9: end if

10: if r ≤ ℓ and |{i ∈ S̃ : ci = ar}| ≥ pℓ−r then

11: Jr,ℓ, Ir,ℓ = argmax
J,I

{f(J, I) : |I| = pℓ−r, I ⊆ S̃r, |J | = qℓ−r, J ⊆ S̃C
ℓ .

12: end if

13: end for

14: r0, ℓ0 = argmaxr,ℓ f(Jr,ℓ, Ir,ℓ)
15: if fr0,ℓ0 > 0 then
16: S̃ = S̃ ∪ Jr0,ℓ0\Ir0,ℓ0 .
17: XS̃ = XS̃ +

∑
j∈Jr0,ℓ0

vjv
⊤
j −

∑
i∈Ir0,ℓ0

viv
⊤
i .

18: for j ∈ Jr0,ℓ0 do

19: Λ = Λ− Λvjv
⊤
j Λ

1+v⊤
j Λvj

20: end for

21: for i ∈ Ir0,ℓ0 do

22: Λ = Λ+
Λviv

⊤
i Λ

1−v⊤
i Λvi

23: end for

24: Update τj = v⊤
j Λvj for all j ∈ [n].

25: Return to line 5.
26: end if

27: return S̃,XS̃
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B Proofs

In the following, we give complete proofs for all results that were stated in the main text.

B.1 Proofs from Section 3

Proposition 1. In each iteration of Algorithm 1, the following statements hold:

(i) the determinant det(XS̃) is monotonically strictly increasing from the previous iteration;

(ii) the inverse X−1
S̃

is always well-de�ned;

(iii) the algorithm always terminates in a �nite number of iterations.

Proof of Proposition 1. At line 5, for any pair r, ℓ ∈ M , suppose that Ir = {i1, . . . , ipm−rqr}. If

fr,ℓ > 0 at line 9, we may apply Lemma 1 with A =
∑pm−rqr−1

k=1 vikv
⊤
ik
, B = vipm−rqr

v⊤
ipm−rqr

,

C = XS̃ + pm−ℓqℓvjℓvjℓ −
∑pm−rqr−1

k=1 vikv
⊤
ik
, yielding

det
(
XS̃ + pm−ℓqℓvjℓvjℓ

)
+ det

XS̃ + pm−ℓqℓvjℓvjℓ −
pm−rqr∑
k=1

vikv
⊤
ik


≥det

XS̃ + pm−ℓqℓvjℓvjℓ −
pm−rqr−1∑

k=1

vikv
⊤
ik

+ det
(
XS̃ + pm−ℓqℓvjℓv

⊤
jℓ
− vipm−rqr

v⊤
ipm−rqr

)
.

Subtracting det(XS̃ + pm−ℓqℓvjℓvjℓ) from both sides yields

det

XS̃ + pm−ℓqℓvjℓvjℓ −
pm−rqr∑
k=1

vikv
⊤
ik

 ≥ det

XS̃ + pm−ℓqℓvjℓvjℓ −
pm−rqr−1∑

k=1

vikv
⊤
ik


+ det

(
XS̃ + pm−ℓqℓvjℓv

⊤
jℓ
− vipm−rqr

v⊤
ipm−rqr

)
− det

(
XS̃ + pm−ℓqℓvjℓvjℓ

)
(11)

Similarly, for any t = 1, . . . , pm−rqr − 2, we have

det

XS̃ + pm−ℓqℓvjℓvjℓ −
pm−rqr−t∑

k=1

vikv
⊤
ik

 ≥ det

XS̃ + pm−ℓqℓvjℓvjℓ −
pm−rqr−t−1∑

k=1

vikv
⊤
ik


+ det

(
XS̃ + pm−ℓqℓvjℓv

⊤
jℓ
− vipm−rqr−t

v⊤
ipm−rqr−t

)
− det

(
XS̃ + pm−ℓqℓvjℓvjℓ

)
(12)
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Summing up inequalities (11) and (12) over t = 1, . . . , pm−rqr − 2, we have

det

XS̃ + pm−ℓqℓvjℓvjℓ −
pm−rqr∑
k=1

vikv
⊤
ik


≥

pm−rqr∑
k=1

det
(
XS̃ + pm−ℓqℓvjℓvjℓ − vikv

⊤
ik

)
−
(
pm−rqr − 1

)
det
(
XS̃ + pm−ℓqℓvjℓvjℓ

)

=det
(
XS̃

)pm−rqr∑
k=1

(
1 + pm−ℓqℓτjℓ − τik − pm−ℓqℓτikτjℓ + pm−ℓqℓτ2ikjℓ

)

−
(
pm−rqr − 1

) (
1 + pm−ℓqℓτjℓ

))

=det
(
XS̃

)1 + pm−ℓqℓτjℓ −
pm−rqr∑
k=1

τik − pm−ℓqℓτjℓ

pm−rqr∑
k=1

τik + pm−ℓqℓ
pm−rqr∑
k=1

τ2ikjℓ


>det

(
XS̃

)
,

where the �rst equality is due to Lemma 2(iii), the second equality follows by simple calculation,

and the last inequality holds because f(Jℓ, Ir) > 0. Since in the next iteration, we replace XS̃

by XS̃ + pm−ℓqℓvjℓvjℓ −
∑pm−rqr

k=1 vikv
⊤
ik
, we conclude that det(XS̃) strictly increases in each new

iteration. Since we start from a nonsingular matrix and det(XS̃) is increasing, we have a positive

det(XS̃) value throughout the algorithm. Hence, XS̃ is always nonsingular and X−1
S always exists.

Lastly, note that det(XS̃) is bounded above by det(
∑

i∈[n] viv
⊤
i ) and can have a �nite number of

possible values since there are at most nB possible choices of multi-set S̃. Therefore, the algorithm

terminates in a �nite number of iterations.

Proposition 2. The time complexity of each interchange of the ordinary search (i.e., running lines

2-18 once) in Algorithm 1 is O(Bn(d2 +m log(p))).

Proof. Each interchange includes: (i) solving the maximization problem in line 5, (ii) updating the

matrix Λ, and (iii) updating the τ terms.

(i) Let us �rst consider the maximization problem in line 5. For each r ∈ M and j ∈ [n], we have

Jℓ, Ir = argmax
J,I

f(J, I) : |I| = pm−rqr, I ⊆ S̃r, cj = aℓ, J = { j, · · · , j︸ ︷︷ ︸
pm−ℓqℓ copies

}

 . (13)
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The objective function can be rewritten as

f(J, I) =pm−ℓqℓτj −
∑
i∈I

τi − pm−ℓqℓτj
∑
i∈I

τi + pm−ℓqℓ
∑
i∈I

τ2ij

=
∑
i∈I

(
pr−ℓqℓ−rτj − τi − pm−ℓqℓτiτj + pm−ℓqℓτ2ij

)
.

For �xed j ∈ [n] with cj = aℓ, (13) is a simple linear binary program subject to a cardinality

constraint, and therefore is equivalent to �nding the subset of the largest pm−rqr values in the

sequence {pr−ℓqℓ−rτj − τi−pm−ℓqℓτiτj +pm−ℓqℓτ2ij}i∈S̃r
. Solving this problem requires sorting

with time complexity

O(|S̃r| log(pm−rqr)) = O(m|S̃r| log(p)),

where the equality is due to 1 ≤ q < p. Since we need to solve (13) for each r ∈ M and

j ∈ [n], the total complexity is

O

(
n
∑
r∈M

m|S̃r| log (p)

)
= O

(
mn|S̃| log (p)

)
= O (Bmn log (p)) ,

where the second equality follows because |S̃| ≤ pm < B.

(ii) When updating the matrix Λ, we apply the rank-one update result of Lemma 2(i) or 2(ii) for

a total of |Ir0,ℓ0 |+1 times. The complexity of each rank-one update is O(d2). Thus, the total

complexity of updating Λ is O(Bd2) since |Ir0 | ≤ B.

(iii) We need to compute τj for all j ∈ [n] and τij for all j ∈ [n], i ∈ S̃. Thus, at most O(Bn)

many τ terms are computed at each iteration. Each τ term incurs complexity O(d2). Thus,

the total complexity of updating τ terms is O(Bnd2) .

In conclusion, the total complexity of each interchange is

O
(
Bnd2 +Bnm log (p) +Bd2

)
= O

(
Bn
(
d2 +m log (p)

))
,

which completes the proof.
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Lemma 3. After line 18 of Algorithm 1, for any j ∈ [n], we must have

τj
cj

≤ d

c(S̃)− pmd+ pm
.

Proof of Lemma 3. Let S̃ be the set returned when Algorithm 1 terminates. De�ne S̃r := {i ∈ S̃ :

ci = ar}, and let S̃C
ℓ = {j ∈ [n] : cj = aℓ}. Take any r, ℓ ∈ M and any j ∈ S̃C

ℓ , and consider a set

Ir := {i1, i2, . . . , ipm−rqr} containing pm−rqr distinct elements in the set S̃r. Then, we have

f(Jr,ℓ, Ir,ℓ) = pm−ℓqℓτj −
pm−rqr∑
k=1

τik − pm−ℓqℓτj

pm−rqr∑
k=1

τik + pm−ℓqℓ
pm−rqr∑
k=1

τ2ikj ≤ 0, (14)

where Jℓ is the multi-set of p
m−ℓqℓ copies of element j.

Summing over all the possible tuples of (i1, i2, . . . , ipm−rqr) in (14), we have

|S̃r|
(
|S̃r| − 1

)
· · ·
(
|S̃r| − pm−rqr + 1

)
· pm−ℓqℓτj

− pm−rqr
(
|S̃r| − 1

)
· · ·
(
|S̃r| − pm−rqr + 1

)∑
i∈S̃r

τi

− pm−ℓqℓτjp
m−rqr

(
|S̃r| − 1

)
· · ·
(
|S̃r| − pm−rqr + 1

)∑
i∈S̃r

τi

+ pm−ℓqℓ
(
|S̃r| − 1

)
· · ·
(
|S̃r| − pm−rqr + 1

)
· pm−rqr

∑
i∈S̃r

τ2ij ≤ 0,

which is equivalent to

|S̃r|pm−ℓqℓτj − pm−rqr
∑
i∈S̃r

τi − pm−ℓqℓpm−rqrτj
∑
i∈S̃r

τi + pm−ℓqℓpm−rqr
∑
i∈S̃r

τ2ij ≤ 0. (15)

Multiplying (15) by ar and summing them over r ∈ M , we obtain

pm−ℓqℓ
∑
r∈M

ar|S̃r|τj − pm
∑
r∈M

∑
i∈S̃r

τi − p2m−ℓτj
∑
r∈M

∑
i∈S̃r

τi + p2m−ℓ
∑
r∈M

∑
i∈S̃r

τ2ij ≤ 0, (16)

Note that the sets {S̃r}r∈M are disjoint and their union is S̃ =
⋃

r∈M S̃r with total cost
∑

r∈M ar|S̃r| =
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c(S̃). Therefore, (16) becomes

pm−ℓqℓc(S̃)τj − pm
∑
i∈S̃

τi − p2m−ℓτj
∑
i∈S̃

τi + p2m−ℓ
∑
i∈S̃

τ2ij ≤ 0. (17)

By Lemma 2(iv) and (v), we can rewrite (17) as

pm−ℓqℓc(S̃)τj − pmd− p2m−ℓτjd+ p2m−ℓτj ≤ 0,

or, equivalently,

pm
((

p−ℓqℓc(S̃)− pm−ℓ (d− 1)
)
τj − d

)
≤ 0.

Since cj = aℓ = pℓ

qℓ
, we obtain

τj
cj

=
τj
aℓ

≤ d

c(S̃)− pm

qℓ
(d− 1)

≤ d

c(S̃)− pmd+ pm
,

where the second inequality is due to ql ≥ 1 and d ≥ 1.

Theorem 1. Let S̃ be the output of Algorithm 1. Then we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

1−

(
B
pm −

⌊
B
pm

⌋
+ d− 1

)
pm

B

 ≥ [det (XS∗)]
1
d

(
1− pmd

B

)
.

Particularly, when B > pmd
ϵ for some ϵ ∈ (0, 1), we have

[
det
(
XS̃

)] 1
d ≥ (1− ϵ) [det (XS∗)]

1
d .

Proof. Since (REL-W) is a concave program, we may straightforwardly derive the dual

min
Y ,µ

1

d
log det (Y ) +

B

d
µ− 1

s.t. − v⊤
i Y

−1vi + ciµ ≥ 0 ∀i ∈ [n]

Y ⪰ 0

µ ≥ 0.

(DUAL-W)
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Let Y = αXS̃ for some α > 0 and µ = 1
α

d
c(S̃)−pmd+pm

. By Lemma 3, we have

−v⊤
i Y

−1vi + ciµ = − 1

α
τi + ciµ ≥ −ci

1

α

d

c(S̃)− pmd+ pm
+ ci

1

α

d

c(S̃)− pmd+ pm
= 0

for any i ∈ [n]. Therefore, (Y , µ) is a dual-feasible solution.

Let S∗ be an optimal multi-subset to the combinatorial formulation (1) and XS∗ =
∑

i∈S∗ viv
⊤
i .

Let x∗i = |{i : i ∈ S∗}| denote the number of is in the set S∗ for each i ∈ [n]. Then x∗ is feasible

to (REL-W) with objective 1
d log det(XS∗). Hence, according to the weak duality of the convex

program, we have

1

d
log det (XS∗) ≤1

d
log det

(
XS̃

)
+ log (α) +

1

α

B

d

d

c(S̃)− pmd+ pm
− 1.

Minimizing over α, we obtain the best α∗ = B
c(S̃)−pmd+pm

. Plugging it in, we have

1

d
log det (XS∗) ≤ 1

d
log det

(
XS̃

)
+ log

(
B

c(S̃)− pmd+ pm

)
. (18)

Recall that ordinary search always performs equal-cost interchanges; furthermore, for ℓ ∈ M , we

add pm−ℓqℓ experiments with cost aℓ. This yields the inequality
⌊

B
pm

⌋
pm ≤ c(S̃) ≤ B, whence (18)

can be further relaxed as

1

d
log det (XS∗) ≤ 1

d
log det

(
XS̃

)
+ log

 B(⌊
B
pm

⌋
− d+ 1

)
pm

 .

Therefore,

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

1−

(
B
pm −

⌊
B
pm

⌋
+ d− 1

)
pm

B

 ≥ [det (XS∗)]
1
d

(
1− pmd

B

)
,

where the second inequality is due to B
pm −

⌊
B
pm

⌋
− 1 < 0. When B > pmd

ϵ for some ϵ ∈ (0, 1), we

will have

[
det
(
XS̃

)] 1
d ≥ (1− ϵ) [det (XS∗)]

1
d ,
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as desired.

Theorem 2. Let S̃ be the output of Algorithm 1 with a = p
q , c

′
i := a⌈loga(ci)⌉, and m = ⌈loga(cmax)⌉.

When B ≥ pmd, we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

(
q

p
− qm

cmaxd

B

)
.

Particularly, when B > qm cmaxd
ϵ for some ϵ ∈ (0, qp), we have

[
det
(
XS̃

)] 1
d ≥

(
q

p
− ϵ

)
[det (XS∗)]

1
d .

Proof of Theorem 2. In the proof of Theorem 1, letting Y = αX, µ = 1
α

ad∑
j∈S̃ c′j−pmd+pm

and

α = aB∑
j∈S̃ c′j−pmd+pm

and following the same derivation, we have

1

d
log det (XS∗) ≤ 1

d
log det

(
XS̃

)
+ log

(
aB

B − pmd

)
.

Therefore,

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

(
q

p
− pm−1qd

B

)
(19)

≥ [det (XS∗)]
1
d

(
q

p
− q

⌈
log p

q
(cmax)

⌉
cmaxd

B

)
(20)

where (19) holds because m = ⌈loga(cmax)⌉ < 1 + loga(cmax) and (pq )
m−1 ≤ cmax.

When B > q
⌈log p

q
(cmax)⌉ cmaxd

ϵ for some ϵ > 0, (20) becomes

[
det
(
XS̃

)] 1
d ≥

(
q

p
− ϵ

)
[det (XS∗)]

1
d .
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B.2 Proofs from Section 4

Lemma 4. For any two index subsequences with distinct elements I := {i1, i2, . . . , ipm−rqr} ⊆ S̃ and

J := {j1, j2, . . . , jpm−rqr} ⊆ S̃C := [n] \ S̃, we have

det

XS̃ +

pm−ℓqℓ∑
k=1

vjkv
⊤
jk

−
pm−rqr∑
k=1

vikv
⊤
ik

 ≥ det
(
XS̃

)1 +

pm−ℓqℓ∑
k=1

τjk

1−
pm−rqr∑
k=1

τik

 . (21)

Proof of Lemma 4. Without loss of generality, we can assume that (1−
∑pm−rqr

k=1 τik) > 0; otherwise,

the inequality (21) is trivial.

Let us �rst prove XS̃ −
∑pm−rqr

k=1 vikv
⊤
ik

≻ 0. Similarly to the proof of Proposition 1, applying

strong superadditivity yields

det

XS̃ −
pm−rqr∑
k=1

vikv
⊤
ik

 ≥
pm−rqr∑
k=1

det
(
XS̃ − vikv

⊤
ik

)
−
(
pm−ℓqℓ − 1

)
det
(
XS̃

)

= det
(
XS̃

)1−
pm−rqr∑
k=1

τik

 (22)

> 0.

where the last inequality is due to det
(
XS̃

)
and the assumption that (1−

∑pm−rqr

k=1 τik) > 0.

To prove the main result, we write

det

XS̃ +

pm−ℓqℓ∑
k=1

vjkv
⊤
jk

−
pm−rqr∑
k=1

vikv
⊤
ik


≥

pm−ℓqℓ∑
t=1

det

XS̃ + vjtv
⊤
jt −

pm−rqr∑
k=1

vikv
⊤
ik

−
(
pm−ℓqℓ − 1

)
det

XS̃ −
pm−rqr∑
k=1

vikv
⊤
ik


=det

XS̃ −
pm−rqr∑
k=1

vikv
⊤
ik

1 +

pm−ℓqℓ∑
t=1

v⊤
jt

XS̃ −
pm−rqr∑
k=1

vikv
⊤
ik

−1

vjt


≥det

(
XS̃

)1−
pm−rqr∑
k=1

τik

1 +

pm−ℓqℓ∑
t=1

v⊤
jt

XS̃ −
pm−rqr∑
k=1

vikv
⊤
ik

−1

vjt

 ,

where the �rst inequality is by strong superadditivity and the similar proof of Theorem 1, the
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equality is by the rank-one update in Lemma 2(iii), the last inequality is obtained due to inequality

(22) above.

Since XS̃ ⪰ XS̃ −
∑pm−rqr

k=1 vikv
⊤
ik

≻ 0, we have

1 +

pm−ℓqℓ∑
t=1

v⊤
jt

XS̃ −
pm−rqr∑
k=1

vikv
⊤
ik

−1

vjt ≥ 1 +

pm−ℓqℓ∑
t=1

v⊤
jtX

−1
S̃

vjt = 1 +

pm−ℓqℓ∑
t=1

τjt ,

which completes the proof.

Proposition 4. The following inequalities must hold: (i) ω ≤ d
c(S̃)

, and (ii) 1− pmω > 0.

Proof of Proposition 4. For any r ∈ M , we have

ω ≤ 1

pm
min

I⊆S̃r,|I|=pm−rqr

∑
i∈I

τi =
1

ar
min

I⊆S̃r,|I|=pm−rqr

∑
i∈I τi

|I|
≤ 1

ar

∑
i∈S̃r

τi∣∣∣S̃r

∣∣∣ =

∑
i∈S̃r

τi

c(S̃r)
,

where the �rst inequality follows from the de�nition of ω, the �rst equality uses the fact that

|I| = pm−rqr, the second inequality holds because larger τi values are added to the average, and the

last equality holds because ci = ar for any i ∈ S̃r and
∑

i∈S̃r
ci = c(S̃r).

Therefore,

ω ≤ min
r∈M

∑
i∈S̃r

τi

c(S̃r)
≤
∑

r∈M
∑

i∈S̃r
τi∑

r∈M c(S̃r)
=

∑
i∈S̃ τi

c(S̃)
=

d

c(S̃)
,

where the second inequality holds because the ratio of the average of numerators over the average

of denominators is no smaller than the smallest ratios, the last inequality uses Lemma 2(iv). This

completes the proof of part (i).

For part (ii), since the budget is large enough such as B ≥ pm(d + m + 1), we have c(S̃) ≥

⌊ B
pm ⌋pm ≥ pm(d +m + 1). Therefore, by part (i), we have pmω ≤ pm d

c(S̃)
≤ d

d+m+1 , which implies

that 1− pmω > 0.

Proposition 5. For each ℓ ∈ M , the following statements hold: (i) |OJ
ℓ | ≤ pm−ℓqℓ − 1 and |OI

ℓ | ≤

pm−ℓqℓ − 1; and (ii) |OJ
ℓ | × |OI

ℓ | = 0.

Proof of Proposition 5. Part (i) can be proved by contradiction. Suppose that there exist pm−ℓqℓ

distinct elements j1, . . . , jpm−ℓqℓ ∈ OJ
ℓ . Then, by the de�nition of OJ

ℓ , we have τjk > aℓ ω
1−pmω for
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any k = 1, 2, . . . , pm−ℓqℓ. Summing up all the inequalities, we have

∑pm−ℓqℓ

k=1 τjk
pm

>
ω

1− pmω
,

a contradiction to (7).

Similarly, suppose that there exist pm−ℓqℓ distinct elements i1, . . . , ipm−ℓqℓ ∈ OI
ℓ . Then we have

τik < aℓω for any k = 1, 2, . . . , pm−ℓqℓ. Summing up all the inequalities, we have

∑pm−ℓqℓ

k=1 τik
pm

< ω,

a contradiction to the de�nition of ω.

To show part (ii), suppose that OJ
ℓ ̸= ∅. Then for any j ∈ OJ

ℓ and i ∈ OI
ℓ , by rearranging (9),

we have

τi ≥
τj

1 + τj
>

aℓ ω
1−pmω

1 + aℓ ω
1−pmω

=
ciω

1− (pm − aℓ)ω
≥ ciω,

where the second inequality holds because
τj
cj

=
τj
aℓ

> ω
1−pmω and the function x

1+x is increasing in

x; the equality is due to ci = aℓ; and the last inequality holds because aℓ ≤ pm and 1 − pmω > 0

(see Proposition 4). This contradicts the de�nition of OI
ℓ .

If OI
ℓ ̸= ∅, suppose that i ∈ OI

ℓ . Then, for any j ∈ OJ
ℓ , by rearranging (9), we have

τj ≤
τi

1− τi
<

aℓω

1− aℓω
=

cjω

1− aℓω
≤ cj

ω

1− pmω
,

where the second inequality holds because τi
ci

< ω, ci = aℓ and the function x
1−x is increasing in x;

the equality is due to cj = aℓ; and the last inequality is because aℓ ≤ pm and 1 − pmω > 0 (see

Proposition 4). This contradicts the de�nition of OJ
ℓ .

Theorem 3. Let S̃ be the output of Algorithm 2. Then we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

1−
(d+m+ 1) pm −

∑m−1
r=0 ar

B +
(
mpm −

∑m−1
r=0 ar

)
 .

Particularly, when B ≥ ϵ−1((d+m+ 1)pm −
∑m−1

r=0 ar)− (mpm −
∑m−1

r=0 ar) for some ϵ ∈ (0, 1), we
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have

[det
(
XS̃

)
]
1
d ≥ (1− ϵ) [det (XS∗)]

1
d .

Proof of Theorem 3. The proof proceeds in six major steps: 1) relaxing (MIP-WO) and taking its

dual, 2) constructing a dual solution, 3) verifying its feasibility, 4) applying weak duality to get a

performance bound, 5) using properties of the outlier sets to make the bound more tractable, 6)

deriving the �nal approximation guarantee.

Step 1: Formulating the dual. We take the logarithm of the objective function of (MIP-WO) and

consider the continuous relaxation

max
x

1

d
log det

∑
i∈[n]

xiviv
⊤
i


s.t.

∑
i∈[n]

cixi ≤ B

0 ≤ xi ≤ 1 ∀i ∈ [n].

(REL-WO)

It is then fairly straightforward to derive the dual

min
Y ,µ,η

1

d
log det (Y ) +

B

d
µ+

1

d

∑
j∈[n]

ηj − 1

s.t. − v⊤
j Y

−1vj + cjµ+ ηj ≥ 0 ∀j ∈ [n]

Y ⪰ 0, µ ≥ 0, ηj ≥ 0 ∀j ∈ [n].

(DUAL-WO)

Step 2: Constructing a dual solution. Let Y = αXS̃ for some α > 0, and let µ = 1
α

ω
1−pmω . For any

j ∈ [n] such that cj = aℓ for some ℓ ∈ M , let

ηj =



0 if j ∈ SC
ℓ , j /∈ OJ

ℓ ,

1
ατj − cjµ if j ∈ OJ

ℓ ,

0 if j ∈ OI
ℓ ,

1
α (τj − cjω) if j ∈ Sℓ, j /∈ OI

ℓ ,
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where τj/α = v⊤
j Y

−1vj . We will use (Y , µ,η) as the dual solution.

Step 3: Verifying dual-feasibility. According to Algorithm 2, we have Y = αXS̃ ≻ 0. By Proposition

4, we have µ ≥ 0. By the de�nition of OJ
ℓ and OI

ℓ , we also have ηj ≥ 0 for all j ∈ [n].

It remains to check the constraint −v⊤
j Y

−1vj + cjµ + ηj ≥ 0 for any j ∈ [n]. For any j ∈ [n]

such that cj = aℓ for some ℓ ∈ M , there are four cases to be considered:

(1) If j ∈ S̃C
ℓ and j /∈ OJ

ℓ , then

−v⊤
j Y

−1vj + cjµ+ ηj = − 1

α
τj + cjµ+ ηj = − 1

α

(
τj − cj

ω

1− pmω

)
≥ 0,

where the inequality is due to the de�nition of OJ
ℓ .

(2) If j ∈ OJ
ℓ , then

−v⊤
j Y

−1vj + cjµ+ ηj = 0.

(3) If j ∈ OI
ℓ , then

−v⊤
j Y

−1vj+cjµ+ηj =
1

α

(
−τj + cj

ω

1− pmω

)
>

1

α
cj

(
−ω +

ω

1− pmω

)
=

1

α
cj

pmω2

1− pmω
≥ 0.

where the �rst inequality follows from the de�nition of OI
ℓ , and the last inequality holds

because ω ≤ d
c(S) <

1
pm by Proposition 4.

(4) If j ∈ S̃ℓ and j /∈ OI
ℓ , then

−v⊤
j Y

−1vj + cjµ+ ηj =
1

α

(
−τj + cj

ω

1− pmω
+ τj − cjω

)
=

1

α
cj

(
ω

1− pmω
− ω

)
=

1

α
cj

pmω2

1− pmω
≥ 0

where the inequality is because ω ≤ d
c(S) <

1
pm by Proposition 4.

Therefore, (Y , µ,η) is a dual feasible solution.

Step 4: Applying weak duality. Let S∗ be an optimal subset to the combinatorial formulation (1)

and XS∗ =
∑

i∈S∗ viv
⊤
i . For each i ∈ [n], let x∗i = 1 if i ∈ S∗ and x∗i = 0 otherwise. Then, x∗ is a

feasible solution of (REL-WO) with objective value 1
d log det(XS∗). Therefore, by weak duality, we
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have

1

d
log det (XS∗) ≤1

d
log det

(
XS̃

)
+ log (α) +

1

α

B

d

ω

1− pmω
+

1

αd

∑
ℓ∈M

∑
j∈OJ

ℓ

(
τj − cj

ω

1− pmω

)

+
1

αd

∑
r∈M

∑
i∈S̃r,i/∈OI

r

(τi − ciω)− 1

=
1

d
log det

(
XS̃

)
+ log (α) +

1

α

B

d

ω

1− pmω
+

1

αd

∑
ℓ∈M

∑
j∈OJ

ℓ

(
τj − cj

ω

1− pmω

)

+
1

αd

∑
i∈S̃

(τi − ciω)−
1

αd

∑
r∈M

∑
i∈OI

r

(τi − ciω)− 1

=
1

d
log det

(
XS̃

)
+ log (α) +

1

αd

(
B

1− pmω
− c(S̃)

)
ω

+
1

αd

∑
ℓ∈M

aℓ
∑
j∈OJ

ℓ

(
τj
cj

− ω

1− pmω

)
+

1

α
+

1

αd

∑
r∈M

ar
∑
i∈OI

r

(
ω − τi

ci

)
− 1 (23)

where the last inequality uses Lemma 2(iv). Minimizing over α, we obtain

α∗ =
1

d

( B

1− pmω
− c(S̃)

)
ω +

∑
ℓ∈M

aℓ
∑
j∈OJ

ℓ

(
τj
cj

− ω

1− pmω

)
+
∑
r∈M

ar
∑
i∈OI

r

(
ω − τi

ci

)+ 1.

(24)

Plugging this value into (23) yields

1

d
log det

(
XS̃∗

)
≤ 1

d
log det

(
XS̃

)
+ log (α∗) (25)

Our remaining task is to �nd a tight upper bound of α∗.

Step 5: Making the bound explicit. To derive an upper bound of α∗, let us investigate the terms∑
j∈OJ

ℓ
(
τj
cj

− ω
1−pmω ) and

∑
i∈OI

r
(ω − τi

ci
) in (24).

Suppose that OJ
ℓ = {j1, . . . , j|OJ

ℓ |
}, and the set {j|OJ

ℓ |+1, . . . , jpm−ℓqℓ} denotes a size-pm−ℓqℓ

subset of S̃C
ℓ \OJ

ℓ . By the local optimality condition (7), we have

∑
j∈OJ

ℓ

τj ≤
pm−ℓqℓ∑
k=1

τjk ≤ pm
ω

1− pmω
, (26)

52



where the �rst inequality holds because we add nonnegative terms (
∑pm−ℓqℓ

k=|OJ
ℓ |+1

τjk) to the sum, and

the second inequality is due to (7).

Therefore, ∑
j∈OJ

ℓ

τj
cj

=

∑
j∈OJ

ℓ
τj

aℓ
≤ pm

aℓ
ω

1− pmω
= pm−ℓqℓ

ω

1− pmω
, (27)

where the �rst equality holds because cj = aℓ for j ∈ OJ
ℓ , the inequality is due to (26), and the last

equality holds because a = p/q. Consequently, if |OJ
ℓ | ≠ 0, we have

∑
j∈OJ

ℓ

(
τj
cj

− ω

1− pmω

)
≤
(
pm−ℓqℓ − |OJ

ℓ |
) ω

1− pmω
≤
(
pm−ℓqℓ − 1

) ω

1− pmω
, (28)

where the �rst inequality is due to (27) and the fact that ω
1−pmω is independent of |OJ

ℓ |, and the

second inequality is because |OJ
ℓ | ≥ 1 holds with equality when |OJ

ℓ | = 1. Note that if |OJ
ℓ | = 0,

then (28) trivially holds because the left-hand side is 0.

On the other hand, ∑
i∈OI

r

(
ω − τi

ci

)
≤ |OI

r |ω ≤
(
pm−rqr − 1

)
ω, (29)

where the �rst inequality holds because τi
ci

≥ 0 for any i ∈ OI
r and the second inequality is by

Proposition 5.

Note that, in (24), the second term on the right-hand side depends on OJ
ℓ and the third term

depends on OI
r . Using (28) and (29), the upper bound of the second term dominates that of the

third term. According to Proposition 5, since OJ
ℓ and OI

ℓ cannot be simultaneously nonempty for

any ℓ ∈ M , the worst case is when OI
ℓ is empty for all ℓ ∈ M and the inequalities in (28) hold with

equality. Then, by plugging (28) into (24) and removing the third term, we have

α∗ ≤ 1

d

((
B

1− pmω
− c(S̃)

)
ω +

m−1∑
ℓ=0

(
p

q

)ℓ (
pm−ℓqℓ − 1

) ω

1− pmω

)
+ 1

=
1

d

B +mpm −
∑m−1

r=0

(
p
q

)r
1− pmω

− c(S̃)

ω + 1

≤ 1

d

B +mpm −
∑m−1

r=0

(
p
q

)r
1− pm d

c(S̃)

− c(S̃)

 d

c(S̃)
+ 1
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=
B +mpm −

∑m−1
r=0

(
p
q

)r
c(S̃)− pmd

, (30)

where the equalities are algebraic computations, the second inequality uses Proposition 4.

Step 6: Deriving the �nal bound. Using the fact that c(S̃) ≥ ⌊ B
pm ⌋pm and plugging (30) into (25),

we have

1

d
log det (XS∗) ≤ 1

d
log det

(
XS̃

)
+ log

B +mpm −
∑m−1

r=0

(
p
q

)r⌊
B
pm

⌋
pm − pmd

 ,

which is equivalent to

[det
(
XS̃

)
]
1
d ≥ [det (XS∗)]

1
d

1−

(
B
pm −

⌊
B
pm

⌋
+ d
)
pm +mpm −

∑m−1
r=0

(
p
q

)r
B +mpm −

∑m−1
r=0

(
p
q

)r


≥ [det (XS∗)]
1
d

1−
(1 + d+m) pm −

∑m−1
r=0

(
p
q

)r
B +mpm −

∑m−1
r=0

(
p
q

)r
 ,

where the second inequality is due to B
pm −

⌊
B
pm

⌋
− 1 < 0.

Notably, when B ≥ ϵ−1((d+m+ 1)pm −
∑m−1

r=0 (pq )
r)− (mpm −

∑m−1
r=0 (pq )

r) for some ϵ ∈ (0, 1),

we have

[det
(
XS̃

)
]
1
d ≥ (1− ϵ) [det (XS∗)]

1
d ,

which completes the proof.

Theorem 4. Let S̃ be the output of Algorithm 2 with a = p
q , c

′
i := a⌈loga(ci)⌉, m = ⌈loga(cmax)⌉. If

B ≥ pm(d+m+ 1), then we have

[
det
(
XS̃

)] 1
d ≥ [det (XS∗)]

1
d

(
q

p
− qm

cmax (d+m+ 1)

B

)
.

Particularly, when B > qm cmax(d+m+1)
ϵ for some ϵ ∈ (0, qp), we have

[
det
(
XS̃

)] 1
d ≥

(
q

p
− ϵ

)
[det (XS∗)]

1
d .
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Proof of Theorem 4. For r, ℓ ∈ M , let us denote S̃r := {i ∈ S : c′i = ar}, S̃C
ℓ := {j /∈ S : c′j = aℓ}

and de�ne

OJ
ℓ =

{
j ∈ S̃C

ℓ :
τj
c′j

>
ω

1− pmω

}
, OI

r =

{
i ∈ S̃r :

τi
c′i

< ω

}
.

The proof proceeds along the same lines as the proof of Theorem 3, but there are some key

di�erences. The analysis can be divided into three steps.

Step 1: Constructing a dual solution. Let Y = αXS for some α > 0 and µ = 1
α
p
q

ω
1−pmω . For any

j ∈ [n] such that c′j = aℓ,

ηj =



0 if j ∈ S̃C
ℓ , j /∈ OJ

ℓ

1
α

(
τj − c′j

ω
1−pmω

)
if j ∈ OJ

ℓ

0 if j ∈ OI
ℓ

1
α

(
τj − c′jω

)
if j ∈ S̃ℓ, j /∈ OI

ℓ ,

where τj/α = v⊤
j Y

−1vj .

Step 2: Verifying dual-feasibility. Again, the proposed dual solution is (Y , µ,η). According to

Algorithm 2, we have Y = αXS̃ ≻ 0. According to Proposition 4, we have µ ≥ 0. By the de�nition

of OJ
ℓ and OI

ℓ , we also have ηj ≥ 0 for all j ∈ [n].

It remains to check the constraint −v⊤
j Y

−1vj + cjµ + ηj ≥ 0 for any j ∈ [n]. For any j ∈ [n]

such that c′j = aℓ, there are four cases to be considered:

(1) If j ∈ S̃C
ℓ and j /∈ OJ

ℓ , then

−v⊤
j Y

−1vj + cjµ+ ηj = − 1

α
τj + cjµ+ ηj = − 1

α

(
τj − cj

p

q

ω

1− pmω

)
≥ 0,

where the inequality is from the de�nition of OJ
ℓ and 1 ≤ c′j

cj
≤ p

q .

(2) If j ∈ OJ
ℓ , then

−v⊤
j Y

−1vj + cjµ+ ηj =

(
cj
p

q
− c′j

)
ω

1− pmω
≥ 0.

55



(3) If j ∈ OI
ℓ , then

−v⊤
j Y

−1vj + cjµ+ ηj =
1

α

(
−τj + cj

p

q

ω

1− pmω

)
>

1

α

(
−c′jω + cj

p

q

ω

1− pmω

)
≥ 1

α

(
−c′j + cj

p

q

)
ω ≥ 0,

where the �rst inequality is due to the de�nition of OI
ℓ , and the second inequality holds because

ω ≤ d
c′(S) <

1
pm by Proposition 4.

(4) If j ∈ S̃ℓ and j /∈ OI
ℓ , then

−v⊤
j Y

−1vj+cjµ+ηj =
1

α

(
cj
p

q

ω

1− pmω
− c′jω

)
≥ 1

α
c′j

(
ω

1− pmω
− ω

)
=

1

α
c′j

pmω2

1− pmω
≥ 0,

where the inequality holds because ω ≤ d
c′(S) <

1
pm by Proposition 4.

Therefore, (Y , µ,η) is a dual feasible solution.

Step 3: Completing the proof. Let S∗ be an optimal subset to the combinatorial formulation (1)

and XS∗ =
∑

i∈S∗ viv
⊤
i . For each i ∈ [n], let x∗i = 1 if i ∈ S∗ and x∗i = 0 otherwise. Then x∗ is

a feasible solution of (REL-WO) with objective value 1
d log det(XS∗). Hence, by weak duality, we

have

1

d
log det (XS∗) ≤1

d
log det

(
XS̃

)
+ log (α) +

1

αd

(
p

q

B

1− pmω
− c′

(
S̃
))

ω

+
1

αd

∑
ℓ∈M

aℓ
∑
j∈OJ

ℓ

(
τj
c′j

− ω

1− pmω

)
+

1

α
+

1

αd

∑
r∈M

ar
∑
i∈OI

r

(
ω − τi

c′i

)
− 1, (31)

using Lemma 2(iv) as in the proof of Theorem 3. Minimizing over α, we obtain

α∗ =
1

d

(p

q

B

1− pmω
− c′(S̃)

)
ω +

∑
ℓ∈M

aℓ
∑
j∈OJ

ℓ

(
τj
c′j

− ω

1− pmω

)
+
∑
r∈M

ar
∑
i∈OI

r

(
ω − τi

c′i

)+ 1.

(32)

Plugging this value into (31), and using Step V in the proof of Theorem 3, we have

α∗ ≤ 1

d

((
p

q

B

1− pmω
− c′

(
S̃
))

ω +
m−1∑
ℓ=0

(
p

q

)ℓ (
pm−ℓqℓ − 1

) ω

1− pmω

)
+ 1
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=
1

d

 p
qB +mpm −

∑m−1
r=0

(
p
q

)r
1− pmω

− c′
(
S̃
)ω

+ 1

≤ 1

d

 p
qB +mpm −

∑m−1
r=0

(
p
q

)r
1− pm d

c′(S̃)

− c′
(
S̃
) d

c′
(
S̃
)
+ 1

=

p
qB +mpm −

∑m−1
r=0

(
p
q

)r
c′
(
S̃
)
− pmd

≤
p
qB +mpm −

∑m−1
r=0

(
p
q

)r⌊
B
pm

⌋
pm − pmd

, (33)

where the second inequality uses Proposition 4, and the last inequality follows because c′(S̃) ≥ ⌊ B
pm ⌋.

By plugging the formula of α∗ into (31) and using (33), we have

1

d
log det (XS∗) ≤ 1

d
log det

(
XS̃

)
+ log

 p
qB +mpm −

∑m−1
r=0

(
p
q

)r⌊
B
pm

⌋
pm − pmd


≤ 1

d
log det

(
XS̃

)
+ log

 p
qB +mpm −

∑m−1
r=0

(
p
q

)r
B − pm (d+ 1)

 , (34)

where the second inequality is due to
⌊

B
pm

⌋
> B

pm − 1.

Rearranging (34) as an approximation ratio in terms of [det(XS̃)]
1
d , we have

[det(XS̃)]
1
d

[det(XS∗)]
1
d

≥ B − pm (d+ 1)

p
qB +mpm −

∑m−1
r=0

(
p
q

)r
≥q

p

 B − pm (d+ 1)

B +
(
mpm −

∑m−1
r=0

(
p
q

)r)
 =

q

p
−

qpm−1 (1 + d+m)−
∑m−1

r=0

(
p
q

)r−1

B +
(
mpm −

∑m−1
r=0

(
p
q

)r)
≥q

p
− qm

cmax (1 + d+m)− q−m
∑m−1

r=0

(
p
q

)r−1

B +
(
mpm −

∑m−1
r=0

(
p
q

)r)
≥q

p
− qm

cmax (1 + d+m)

B

where the second inequality holds because p/q > 1, the third inequality follows from the fact that

qpm−1 = qm(pq )
m−1 ≤ qmcmax according to the de�nition of m, and the last inequality holds because
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(mpm −
∑m−1

r=0 (pq )
r) ≥ 0 and q−m

∑m−1
r=0 (pq )

r−1 ≥ 0.

B.3 Proofs from Section 6

Lemma 8. Let X1, ..., Xn be independent 0/1 random variables, each with a weight 0 ≤ w1, ..., wn ≤

1, and let X be the weighted sum X = w1X1+ . . .+wnXn. For µ = E[X] and every ϵ̄ > 0, we have

P [X ≥ (1 + ϵ̄)µ] ≤ e−
ϵ̄2

2+ϵ̄
µ.

Proof of Lemma 8. By Corollary 1 in Panconesi & Srinivasan (1997), we have

P [X ≥ (1 + ϵ̄)µ] ≤
(

eϵ̄

(1 + ϵ̄)1+ϵ̄

)µ

= eµ(ϵ̄−(1+ϵ̄) log(1+ϵ̄)).

We then apply the inequality log(1 + x) ≥ 2x
2+x and obtain

P [X ≥ (1 + ϵ̄)µ] ≤ e−
ϵ̄2

2+ϵ̄
µ,

completing the proof.

Lemma 7. Let S̃ be a random set obtained from one iteration of the while loop described in lines

3-9) of Algorithm 4. Given T ⊆ [n] with |T | = d ≤ n and ϵ ∈ (0, 1), we have

1∏
i∈T x̂i

P
[
T ⊆ S̃|c(S̃) ≤ B

]
≥ (1 + ϵ)−d

(
1− e

− (ϵB−(1+ϵ)c(T ))2

cmaxB(2+ϵ)(1+ϵ)

)
:= αd.

Proof of Lemma 7. We proceed similarly to the proof of Lemma 4 in Singh & Xie (2020), with the

main di�erence being the use of the weighted Cherno� bound. First, we scale the costs c and B by

cmax, that is, we let ci := ci/cmax for each i ∈ [n] and B := B/cmax. After scaling, we have ci ≤ 1

and we can apply Lemma 8.

Let Xi be the Bernoulli random variable with success probability

P{Xi = 1} =
x̂i

1 + ϵ
.
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Success, in this case, indicates whether i ∈ [n] is included in S̃, so we have

∏
i∈T

x̂i = (1 + ϵ)d
∏
i∈T

P(Xi = 1) = (1 + ϵ)dP{T ⊆ S̃}.

Combining this with P{c(S̃) ≤ B} ≤ 1 and plugging these into

1∏
i∈T x̂i

P{T ⊆ S̃|c(S̃) ≤ B} =
P{T ⊆ S̃, c(S̃) ≤ B}∏

i∈T x̂iP{c(S̃) ≤ B}
,

we obtain the lower bound

1∏
i∈T x̂i

P{T ⊆ S̃|c(S̃) ≤ B} ≥ (1 + ϵ)−dP{c(S̃) ≤ B|T ⊆ S̃}

= (1 + ϵ)−dP

 ∑
i∈[n]\T

ciXi ≤ B − c(T )

 .

By Lemma 8, given ϵ̄ > 0, we have

P

 ∑
i∈[n]\T

ciXi > (1 + ϵ̄)E

 ∑
i∈[n]\T

ciXi

 ≤ e−
ϵ̄2

2+ϵ̄

∑
i∈[n]\T cix̂i

1+ϵ .

Let ϵ̄ = (1+ϵ)(B−c(T ))∑
i∈[n]\T cix̂i

− 1. Then we have

P

 ∑
i∈[n]\T

ciXi ≥ B − c (T )

 ≤ e−
ϵ̄2

2+ϵ̄

∑
i∈[n]\T cix̂i

1+ϵ .

Note that

ϵB − (1 + ϵ)c(T ) ≤ ϵ̄
∑

i∈[n]\T

cix̂i = (1 + ϵ)(B − c(T ))−
∑

i∈[n]\T

cix̂i ≤ ϵ(B − c(T )),

where the �rst inequality holds because
∑

i∈[n]\T cix̂i ≤
∑

i∈[n] cix̂i = B, and the second inequality

holds because ∑
i∈[n]\T

cix̂i =
∑
i∈[n]

cix̂i −
∑
i∈T

cix̂i ≥ B −
∑
i∈T

ci = B − c(T )
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and
∑

i∈[n] cix̂i = B at optimality. Therefore,

P

 ∑
i∈[n]\T

ciXi ≥ B − c (T )

 ≤ e
− (ϵB−(1+ϵ)c(T ))2

B(2+ϵ)(1+ϵ) ,

where we use the fact that ϵ̄ < ϵ.

Now we have

(1 + ϵ)−d P

 ∑
i∈[n]\T

ciXi ≤ B − c (T )

 ≥ (1 + ϵ)−d

(
1− e

− (ϵB−(1+ϵ)c(T ))2

B(2+ϵ)(1+ϵ)

)
.

After scaling back c and B by cmax, we have

(1 + ϵ)−d P

 ∑
i∈[n]\T

ciXi ≤ B − c (T )

 ≥ (1 + ϵ)−d

(
1− e

− (ϵB−(1+ϵ)c(T ))2

cmaxB(2+ϵ)(1+ϵ)

)
,

which completes the proof.

Proposition 6. Given ϵ ∈ (0, 1), suppose that B > 4cmaxd
ϵ + 12cmax

ϵ2
log(1ϵ ). Then the expected number

of iterations (lines 3-9) in Algorithm 4 is O(1).

Proof of Proposition 6. By applying Lemma 8 with ϵ̄ = ϵ and X =
∑n

i=1 ciXi, the probability that

a sampled solution is feasible is bounded below by

P

∑
i∈[n]

ciXi ≤ B

 ≥ 1− e
− ϵ2

(2+ϵ)(1+ϵ)
B

cmax .

Therefore, the expected number of iterations is bounded above by the expectation of a geometric

distribution with success probability 1 − e
− ϵ2

(2+ϵ)(1+ϵ)
B

cmax . Thus, the expected number of iterations

is bounded above by 1

1−e
− ϵ2

(2+ϵ)(1+ϵ)
B

cmax

.

Fix any ϵ ∈ (0, 1). Since B > 4cmaxd
ϵ + 12cmax

ϵ2
log(1ϵ ), we have

ϵ2

(2 + ϵ) (1 + ϵ)

B

cmax
>

ϵ2

6

(
4d

ϵ
+

12

ϵ2
log

(
1

ϵ

))
= 2

(
ϵd

3
− log (ϵ)

)
.

Let f(ϵ) = ϵd
3 − log(ϵ). It is straightforward to verify that f(ϵ) achieves its minimum at ϵ = 3

d if
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d ≥ 3 or at ϵ = 1 if d ≤ 2. In the former case,

f (ϵ) ≥ f

(
3

d

)
≥ 1− log

(
3

d

)
≥ 1.

In the latter case,

f (ϵ) ≥ f (1) ≥ d

3
≥ 1

3
.

In general f(ϵ) ≥ 1
3 . Therefore, the expected number of iterations is bounded above by 1

1−e−
2
3
.
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